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1. Introduction

MDPs provide a clean and simple, yet fairly rich
framework for studying various aspects of intelli-
gence, such as planning. A well-known practical
limitation of planning in MDPs is called the curse
of dimensionality [1], referring to the exponential
rise in the resources required to compute (even
approximate) solutions to an MDP as the size of
the MDP (the number of state variables) increases.
For example, conventional dynamic programming
(DP) algorithms, such as value- or policy-iteration
scale exponentially with the size, even if they are
combined with sophisticated multigrid algorithms
[4]. Moreover, the curse of dimensionality is not
specific to any algorithm, as shown by a result of
Chow and Tsitsiklis [3].

Recently, Kearns et al. have shown that a certain
on-line, tree building algorithm avoids the curse of
dimensionality in discounted MDPs [9]. Recently,
this result has been extended to partially observ-
able MDPs (POMDPs) by the same authors [8].
The bounds in these two papers are independent
of the size of the state space, but scale exponen-
tially with ﬁ, the effective horizon-time, where
v is the discount factor of the MDP.

In this paper we consider another on-line plan-
ning algorithm that will be shown to scale polyno-
mially with the horizon-time, as well. The price of
this is that we have to assume more regularity on
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the MDPs we consider. In particular, we will re-
strict ourselves to stochastic MDPs with finite ac-
tion spaces and state space X = [0,1]¢, and, more
importantly, assume that the transition probabil-
ity kernel of the MDPs are subject to the Lipschitz-
condition |p(2’'|x1,a) — p(a'|z2, a)| < Ly ||z1 — x2]|4
for any states 1, x9,2’ € [0,1]¢ and action a € A.
Here L, > 0 is a given fixed number and ||-||; de-
notes the ¢! norm of vectors. Another restriction
(quite common in the literature) that we will as-
sume is the uniform boundedness of the transition
probabilities (the bound shall be denoted by K))
and of the immediate rewards (bound denoted by
K,). Further, our bounds will depend on the di-
mension of the state space, d.!

The idea of the considered algorithms origi-
nates in the algorithm considered by Rust [13].2
Rust studied a more restricted class of problems
than considered in this paper and proved the
following result. First, let us define the concept
of e-optimality in the mean. Fix an MDP with
state space X. A random, real-valued function 1%
with domain X is called e-optimal in the mean
it B[ ||V - v
value function underlying the selected MDP and
||| o is the maximum-norm and the expectation is

] < ¢, where V* is the optimal
o0

1The bounds developed by Kearns et. al do not exhibit
any dependence on the state space.
2The algorithm will be given in the next section.
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taken for the random function V. The input of the
algorithm is a tolerance number, € > 0. Given any
e > 0, the algorithm first builds up a (random)
cache C.. Then, given a query state x € X and
the cache C¢, the algorithm draws a sample of a
random function V(m), V being e-optimal in the
mean. Rust has shown that both phases of the al-
gorithm are polynomial in |A|, K, /(e(1 —7)), Ly,
L,, d, K. Here L, is the Lipschitz factor of the
immediate rewards. Note that Rust’s bound scales
polynomially with the effective horizon-time, so
our approach will be to extend his algorithm to
planning.

The very first idea along this way is to make
use of Markov’s inequality. The algorithm based
on this idea would work as follows: Fix the ran-
dom sample N and consider V as given by Rust’s
algorithm, and a state x. Using Markov’s inequal-

ity one gets that P(HV —V*|| >9) <e/d. Now,
oo

imagine that we can compute

argmax,e 4 {r(z,0) + 7 / p(yl, )V (y) } dy.

A contraction argument would then show that
drawing

N = pOIY(Kr/(E(S)vaerv ‘-A| ,d, Kpra 1/(1_’7))

samples is sufficient for ensuring the e-optimality
of m with probability at least 1—4. Now, the |.A| in-
tegrals can themselves be approximated by Monte-
Carlo methods.? The computational complexity of
the resulting algorithm will depend polynomially
on N and will thus scale polynomially with L, and
1/6.

There are a number of methods to boost the
polynomial dependence on 1/§ to log(1/d). Here,
we are going to use maximal inequalities to ar-
rive at such a result. This method will have the
additional benefit that we can get rid of the Lip-
schitzian condition regarding the immediate re-
wards and boost the polynomial dependence of the
complexity bounds on L, to a poly-logarithmic
one. Interestingly, our bound for the number of
samples will be poly-logarithmic in the size of the
action space, as well. Note, however, the the com-

30ne might either want to reuse the samples drawn ear-
lier or draw new samples. The second approach is easier to
analyze, whilst the first one may appear more elegant for
some.

plexity bounds will still scale polynomially with
the size of the action space. We will also derive
novel bounds for the complexity of calculating uni-
formly optimal policies.

The organization of the paper is as follows: In
Section 2 we provide the necessary background.
The algorithm is given in Section 3, the main re-
sult of the paper is formulated in Section 4. The
proof of the main result is given in Section 5, and
conclusions are drawn in Section 6.

2. Preliminaries

We assume that the reader is familiar with the
basics of the theory of MDPs. Readers who lack
the necessary background are referred to the book
of Dynkin and Yuskevich [6] or the more recent
books [2] and [11].

2.1. Notation

Let p € [1,4o00]. |||, refers to the £¥ norm of
vectors and the LP norm of functions, depend-
ing on the type of its argument. Lip, denotes the
set of mappings that are Lipschitz-continuous in
the norm ||-[|: f € Lip, means that there exists
a positive constant L > 0 s.t. [[f(z) — f(y)ll, <
Lijz —yl, (domains of the mappings are sup-
pressed). L is called the |[|-[| ,-Lipschitz constant of
f. Lip,(y) C Lip, denotes the set of mappings
whose ||-|| -Lipschitz constant is not larger than +.
A mapping T is called a contraction in the norm
[, if 7" € Lip,(y) for some 0 < v < 1. Let V
be any set, T : V — V and S : V — V. Then the
mapping T'S : V—V is defined by (T'S)v = T'(Sv),
v € V. The set of natural numbers will be denoted
by N, the set of reals by R. If £ € N then T denotes
the map that is the product of T with itself t-times.
We say that T'= S iff Tv = Sv holds for all v € V.
w will in general denote an elementary event of the
probability space under consideration, lhs means
“left-hand-side”, and rhs means “right-hand-side”.
We define B(X') to be the set of all bounded real-
valued function over X: B(X) = {f : X - R :
Il fll. < +oo, f is measurable}. Further, for any
K > 0, Bx(X) shall denote the set of all bounded
functions whose maximum-norm is below the con-
stant K: Bg(X)={fe B(X) : [[fllo <K}



Table 1
Pseudo-code of the algorithm

0. Input: z € X (query state), € > 0 (tolerance),
p, 7,7, A (model parameters).
Compute t and N as defined in Theorem 5.18.
2.  Draw Xi,..., Xy independent samples uniformly
distributed over X.
3. Compute py1:n (X;]|Xj,a) (1 <4, < N) using
Poton (@i, 0) = p(ile, @)/ S plasl, o)
it N plasle,a) > 0,
and let p 1.~ (4|2, a) = 0 otherwise.
Let v; =0,1<i< N.
5. Repeat t times:
v; 1=
maxaeA{r(Xi,a) + 7 X7, hx1v (XjXi,a) vj},
1<i<N.
6. Leta*=
argmax,c 4{r(z,a) + Z;-V:l Px1:n (Xjlz,a)v;}.
7. Return a*.

2.2. The Model

Let us consider the continuous space discounted
MDP given by (X, A,p,r,7), where X = [0, 1]¢
(d > 0, d € N) is the state space, A is the ac-
tion space, p is a measurable transition density:
p(z'|z,a) > 0 and [p(2'|z,a)ds’ = 1 V(z,a) €
X xA r: X xA— R is a measurable function,
called the reward function and 0 < vy < 1 is the
discount factor. We further assume the followings:

Assumption 2.1. A is finite.

Assumption 2.2. There exist constants K, L, > 0
s.t. [Ipll < Kp and p(y|,a) € Lipy(Ly,) for all
(y,a) € X x A.

Assumption 2.3. There exists some constant K, >
0 s.t. ||r] < K.

3. The Algorithm

The pseudo-code of the algorithm yielding uni-
formly approximately optimal policies can be seen
in Table 1. Note that at the expense of increasing
the computation time one may downscale the stor-
age requirement of the algorithm from O(N?) to
O(N) if Step 3 of the algorithm is omitted. Then
Equation (2) must be used in Steps 5 and 6. Note
that one may still precompute the normalizing fac-

tor of (2) for speeding up the computations since
the storage requirements for these normalizing fac-
tors depend only linearly on V.

Rust’s original algorithm builds up the cache
C. = (v1,... ,un) using steps 1 — 5 with some N
and t. Then, for any query state x € X his algo-
rithm returns the random value

N

V(2) = max{r(z,a) +~ ;:ﬁxw (Xjlz,a)v;}.
It can be readily seen that our algorithm is just
a straightforward extension of the one considered
by Rust, the difficulty lies in deriving appropriate
bounds for N and ¢.

Now, we introduce the notations needed to state
the main results. Let T, : B(X)— B(X) be defined
by

(T.V)(@) = r(z,a) + 7 / p(yl, )V (y)dy.

Here a € A is arbitrary and the integral should
be understood here and in what follows to be over
X. For a stationary policy m : X — A, let T, :
B(X) — B(X) be defined by

(T'frv) (:L') = (T‘fr(rc)v)(x)'

Finally, let the Bellman-operator T : B(X)—B(X)
be defined by

(TV)(z) = max {(T.V)(2)}.

ac

Under our assumptions, 7' is known to have a
unique fixed-point, V*, called the optimal-value
function. V* is known to be uniformly bounded.
It is also known that any (stationary) policy = :
X — A satisfying T, V* = TV™* is optimal in the
sense that for any given initial state the total ex-
pected discounted return resulting from the exe-
cution of 7 is maximal. (The execution of a pol-
icy m: X — A means the execution of action m(x)
whenever the state is z.) A policy is called my-
opic or greedy w.r.t. the function V € B(X) if
T,V = TV. Since in our case the action set A is fi-
nite, the existence of a myopic policy is guaranteed
for any given uniformly bounded function V.
Now let x1,... ,xzny € X be fixed elements of the
state space. For brevity, let us denote the N-tuple



(z1,...,2n) by 2V, Let Thin , : B(X) — B(X)
be defined by

N
(TzlzN aV)(x) = 7"(15, a) + ’YZﬁzl?N(xikrv a)V(xl),

i=1
(1)
where

ﬁxliN ((EJ(E, a’) =

p(z;|z,a) L. N ) 2
{Zf_lp(zw,aw if 3jm p(sle,e) > 0, (2)

0; otherwise.

The operator Tyi.v, is obtained from T, by ap-
proximating the integrals in 7T, by finite sums. It
should be clear that because of the Lipschitz con-
ditions on p, TII:N . does approximate T, and the
quality of approximation depends on the distribu-
tion of the points 21V, Using Txmv . We introduce
the operator T w1~ that is meant to approximate
T. Tt is defined as follows: Tpin : B(X) — B(X),
and

(FnV)(@) = max{(Fon o V)@} (3)

Now, analogeously with the previous definitions,
T,1:~ 5 is introduced by

(Txl’Nﬂ'V)(x) = (TxliN Tr(:v)v)(x)

Throughout the paper we are going to work with
independent random variables X7,... , Xy, being
uniformly distributed over X.* Similarly to the
notation introduced for deterministic N-tuples of
state space points, X'V will be used to denote
(X1,...,Xn). We define the random operators

TN a, TNw and TN by the respective equations

TNa = TXI:N a’ TNﬂ- = TXI:N T and
TN = TXI:N.

4The uniform distribution is used for simplicity only. Any
other sampling distribution with support covering X could
be used if the algorithm is modified appropriately (impor-
tance sampling) [7]. The form of the ideal sampling distri-
bution is far from being clear since a single sample-set is
used to estimate an infinite number of integrals. The form
of the ideal distribution should be the subject of future re-
search.

Here Ty is called the random Bellman-operator. A
great deal of effort in this paper will be devited
to show that Ty and its powers approximate the
true Bellman-operator T and its respective powers
uniformly well, with high probability.

In order to connect the algorithm with the oper-
ators defined so far, let us introduce the projection
operator P : B(X) — R defined by

(PpnV) = (V(z1),...,V(zn)),

and the “expansion” operators E,iv,, Eyin
RY — B(X) defined by the respective equations

(B g0)(3) =
N
r(z,a) + v ZﬁmliN (xj]@, a)v(z;),a € A,
j=1
and
(Bovv)@) = max{(Bpw ) (2}

Finally, let the finite state-space Bellman operator
Lv : RY = RY be defined by

N

(Lyinv); = I;leaj‘({’/‘(xi, a)+y ZlﬁxlzN (xj]zs, a)v,}.
i=

The following proposition highlights the connec-
tion between the algorithm and these operators:

Proposition 3.1. For any integer t > 0,

TN = Epn L v Py

and in particular,
T}a»l = Exl:N.iE(l:prl:N.
Proof. By inspection. O

Remark 3.2. According to Proposition 3.1, one
can compute (TLV)(x) in two phases, the first
of which we could call the off-line phase and
the second of which we could call the on-line
phase. In the off-line phase one computes the N -
dimensional vector vg\t,) = [A/txl:NPvaV, which
takes O(tN?|A|) time, whilst in the second phase

one computes the value of (T%V)(x) by evalu-
ating (T§HV)(x) = (Exl:N’U](\t,))(.'E). This second



step takes O(N?|A|) time and thus the whole pro-
cedure takes O(tN?|A|) time. Further, it is easy to
see that the procedure takes O(N + |A|) space.’

Now, the algorithm whose pseudocode was given
above can be formulated as follows:

Assume that we are given a fixed tolerance,
¢ > 0. On the basis of € and Ly, K,, |A|, ﬁ we
compute some integer ¢ > 0 and another integer
N > 0. Each time we need to compute an ac-
tion of the randomized policy w for some state
x, we draw a random sample X'V and compute

UJ(\';) = [AJE(IZNPXI:NVO where Vp(z) = 0. Then a

random action of 7(z) is computed by evaluating

(4)

The action of the argmax operator is returned. The
resulting policy will be shown to be e-optimal.

Another, computationally less expensive method
is to hold the random sample X'V fixed and com-
pute v](\? only once. Then the computation of 7(x)
using (4) costs only O(].A|N?) steps.

argmax, 4 (Exn av(t))(x).

4. Results

The first result that we will prove shows that
the algorithm just described at the end of the pre-
vious section yields uniformly approximately opti-
mal policies with high probability and has polyno-
mial complexity:

Theorem 4.1. Let K = K,./(1 — ) and let € > 0,
§d >0, Vy € Bg(X) be fized. Let t = t(e,v, K),
where

log(8K’) +log(1/(e(1 — 7)))J

t(e, 7, K) = { log(1/7)
and let

24(K +1)
e

)2
<log8 +log (t(e, v, K) 4+ 1) + log | A

384(K +1)2L,d 1
+d10g({i(1_7))2 P J +1> + log (6

N >512K°K}, <

5Here we assume that the basic algebraic operations over
reals take O(1) time and that the storage of a real-number
takes O(1) space. We also assume that py1.n is not stored.

)
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Let V = T}{,VO and let the stationary policy m be
defined by T =V = TnV. Then

P(IVe Vol <e) 16

Further, the complexity of the algorithm is polyno-
mial in d, e, K, K,,log(L,), |A| and 1/(1 — ).

Note that ideally the bound on N should depend
only on K/e, so that scaling the rewards would not
change the complexity results. The bound given
in the above theorem does not have this property,
it has some “K”s without a corresponding €. The
cause of this will become clear during the course
of the proof of this theorem and, more specifically,
in the proof of Lemma 5.7. Note that if e is suf-
ficiently small, an upper bound on the above ex-
pression can always be derived by replacing K by
K/e at those occurancies of K that lack a corre-
sponding ¢ term. This way one gets a less tight,
but (in some sense) a better behaving bound.

The next result shows that the modified, fully
on-line algorithm given in Table 1 yields a uni-
formly approximately optimal policy and has poly-
nomial complexity. The above comments on scal-
ing the rewards apply to this result, too.

Theorem 4.2. Let K = K,./(1 — ) and let € > 0
Fiz some Vy € Bi(X). Lete' = e(1—7)/(2(14+7)),
§=¢e(l—7)/(4K)(= (1 —v)?/(4K,)). Further,
lett =t(e',v,K) and let N be the smallest integer
larger than

96(K +1)\°
12K?K? (==
i ’“(6(1—7)3)

<log8 +log (t+1) +log | A

+ dlog (VGS(;(itlv);L” dJ + 1)
4K

+m44“w».

Let V.= T4Vy and let the stochastic stationary
policy m : X x A —[0,1] be defined by w(x,a) =
P(rxun () = a), where mx1.~ is the policy defined
by TNﬂxl:NV = TNV. Then, © is e-optimal and
given a state x, a random action of ™ can be com-
puted in time and space polynomial in K, /e, d,
K,, K,, logL,, |A| and 1/(1 —~).




The rough outlines of the proofs of these theo-
rems are as follows: Under our assumptions, Pol-
lard’s maximal inequality (cf. [10]) ensures that

for any given fixed function Vj, HTNVO — TVOH

is small with high probability.® Using the trian-
gle inequality one reduces the comparison of T]\L,VO
and TV, to those of TwT*Vy and TT*V,, where
k varies from zero to n — 1. More precisely, one
shows that if the differences between TnT*V, and
TT*V, are small for all £k = 0,...,n — 1 then
HT]\’,VO _ T”VOH will be small, too. Using this re-
sult, it is then ezi;y to prove a maximal inequality
v — T"VOH

Now, one can use standard contraction argu-
ments to prove an inequality that bounds the dif-
ference of the value of a policy that is “approxi-
mately” greedy w.r.t. some function V in terms of
the Bellman-residuals (see e.g. [14]). The plan is
to use this inequality for V' = T ¥ Vo and Ty . Some
more calculations yield Theorem 4.1.

Then, it is proven that if a policy selects only
“good actions” (i.e., actions from A.(z) = {a €
A o (T,V*)(x) > (TV*)(z) — e} for a suitable
€) then it is “good” itself (i.e., close to optimal).
Next, we relax the condition of “selecting good ac-
tions” to “selecting good actions with high proba-
bility”. Such policies can be shown to be “good”,
as well (cf. Lemma 5 of [9]). Finally, it is shown
that if a policy is good with high probability then
it selects good actions with high probability and
thus, in turn, it must be “good”. This will finish
the proof of Theorem 4.2.

One source of the complexity of the proof stems
from the fact that Pollard’s inequality cannot be

for

used in a simple way to bound HT]{,VO - TV H

This is because the usual induction argumeor?t

that would bound HTAIT\L]VO — T”VOH based on a
oo

bound on HT]\}AVO — T”*IVOH does not quite

work here. Typically, one argues that if T ap-
proximates 7 uniformly well over the space of
bounded functions (or some space of functions of

interest) then HT]\}VO — T"VOH will be small if

6We must rely on Pollard’s maximal inequality instead
of the simpler Chernoff-bounds because the state space is
continuous and the sup-norm above involves a supremum
over the state space. Further, this result is derived in two
steps, using an idea of Rust [13].

HT" Wo — 17— 1V0H is small. Unfortunately, the

space of all bounded functions is just too rich in
our case: TN cannot approximate 7" uniformly well
over this rather complex space. A smaller, but still
appropriate space F is needed - hence the compli-
cated proof.

5. Proof

We prove the theorem in the next three sec-
tions. First, we prove some maximal inequalities
for the random Bellman-operators T . Next we
show how these can be extended to powers of Tn
and, finally, we apply all these to prove the main
results.

5.1. Mazximal Inequalities for Random Bellman
Operators

We shall need some auxilliary operators which
are easier to deal with using probability theorey.
Let

N
(TNQV)()—rxa %z:: p(Xilz,a)V(X;);
Ty : B(X) — B(X)
(TnV)(z) = maX{(TNaV)(x)}

Operator T, is a simple Monte-Carlo estimate
of operator T;, and will be shown to converge uni-
formly to T, using standard methods. Unfortu-
nately, T o is not suitable for further analysis as
it can be a non-contraction, and in order to ana-
lyze the iterations in our algorithms, the contrac-
tion property of the approximate Bellman opera-
tors will be needed. Hence the algorithms use TN @
and in a second step T o will be related to TNQ,
and the approximation results will be extended to
Tna-

We need some definitions and results from the
theory of uniform deviations (cf. [10]).

Definition 5.1. Let A C R%. The set S C A is an
e-cover of A if for allt € A there exists an element
s of S s.t. Lt — s||; < e. The set of e-covers of A
will be denoted C(A;e).



Definition 5.2. The e-covering number of a set A
is defined by

N(e,A) =min{ S| : S €C(4;¢)}.

The number log N (g, A) is called the “metric en-
tropy” of A. Let 2" = (z1,...,2,) € (R)™ and
let F C RE". We define

FE") ={(f(z1),-..  f(za)) © fEF}CR™
(5)

The following theorem is due to Pollard (see [10]):

Theorem 5.3 (Pollard, 1984). Let n > 0 be an in-
teger,e >0, M >0, F C [O,M]Rd be a set of mea-

surable functions. Let X1,...,X, € R? be i.i.d.
random variables. Then
1 n
P | sup *Zf(Xi) —E[f(X1)]|>¢| <
feriti= (6)

ne?

55 [ (5, ) e

An elegant proof of this theorem can be found in
[5][pp. 492]. In general, some further assumptions
are needed to make the result of the above sup
measurable. Measurability problems, however, are
now well understood so we shall not worry about
this detail. Readers who keep worrying should take
all the probability bounds except for the main re-
sult as outer/inner-probability bounds (whichever
is appropriate). Note that in the final result we
work with measurable sets and therefore there is
no need to refer to outer/inner probability mea-
sures.

Firstly, we extend this theorem to functions
mapping R? into [—M, M].

Corollary 5.3.1. Let n > 0 be an integer, ¢ > 0,
M >0, F C[-M, M]Rd be a set of measurable

functions. Let X1,...,X, € R? be i.i.d. random
variables. Then
1 n
P (sup |~ f(X,) -E[f(X)]|>¢| <
fer |4 7
(7)
88 [ (%,]-‘(X“””))] R ticl

Proof. Apply Theorem 5.3 to fM = f + M. O

Definition 5.4. Letd € N, d > 0 and let 0 > 0. Let

Grid(o) = { (2i10,... ,2iq0) € 0,1)% :
1

0<z’k<LJ,1<k<d,z’keN}
20

and let P, : [0,1]% — Grid(c) be defined by

Pyz = argmin, { [z —y||, : y € Grid(o) }

where ties are broken in favor of points having
smaller coordinates.

Remark 5.5. ||z — P,z||;, < do and |Grid(o)| <
(lz5] +1)°
Now we can prove our first result concerning the

approximation of T}, by T q.
Lemma 5.6. Let K >0, >0 and § > 0. Further,
let By C Bi(X) be a finite set,

pl(d7 g, 67 Ka Kpa Lpa |BO‘ 1) ‘A| a’Y) =

512K K2
—Q= log 8 4 log | By| + log | A|

s[5 ) (1)

(®)

and N > p1(d,e,9, K, Kp, Ly, |Bo|,|Al,7). Then

P (max max HTNGV — TaVH > 5) <d. (9)
VeEBy ac A oo

Proof. We shall make use of Corollary 5.3.1. Let
F(xtN) = {2n(V,2,a) V € Bp,a € A,z €
X }, where

2y (Vyz,a) =
(V(X1)p(Xi|z,a),..., V(XNn)p(Xn|z,a)).

Easily, 2n(V,z,a) C [-K K,, K K,]V. In order to
bound N (g, F(X ) from above, we construct an
e-cover of F(X1N). We claim that

Se ={zn(V,z,a) : V € By,a€ A,z € Grid(o) }
is an e-cover of F(X1V) if ¢ is chosen appropri-

ately. In order to prove this let us pick up an ar-
bitrary element zy(V, z,a) of F(X'V). Then



1
~ lev(Viz,0) —2n(V, Po, a)ll, =

N
VXXl @) V(Xp(Xil Po, )] <
i=1

IVl 5
N D Ip(Xilw, @) = p(Xi| Pow, a)] <
i=1
KL,do.

Therefore, if 0 = ¢/(KL,d) then S, is an e-cover
of F(X'N). By Remark 5.5, N(e, F(X1N)) <
d
Bo| | A] QMJ n 1) . By Corollary 5.3.1, if

€

log 8 + log | By| + log | A|

16K Ld 1 Ne?
+dlog =T Tloes = ke

then (9) holds. O

Now, we shall prove a similar result for TN a, using
ideas from the proof of the Corollary to Theorem
3.4 of [13].

Lemma 5.7. Let K >0, >0 and § > 0. Further,
let By C Bi(X) be a finite set,

p?(daga(;a K> K;D?L;Da |BO| ) |A‘ ?’Y) =

K+1\°
512K°K; <+> <log8 +1log (|Bo| + 1)

2

+ log| Al + dlog ({WJ + 1>
+log (=
i

If N > po(d,e,d, K, K,, L,,|Bo|,|A|,v) then

(10)

P (max max HTN@V — TaVH > E) <4, (11)
VEBy acA oS

Proof. Let us pick up some V' € By. By the triangle
inequality

-] <[ -t
+ HTNQV —TaVH .

Let

N
_ 1
Py(z,a) = N ;p(Xikc,a).
If y(z,a) = 0 then ‘(TNGV)(x) - (TNQV)(x)‘ -
0. If oy (z,a) # 0 then by simple algebraic manip-
ulations we get

(TvaV)(@) = (T aV) (@) =

Y1 =Py, a)] 1
pN(‘Taa) N

N
Zp(XAx,a)V(Xi) .

i=1

Since, by assumption |V (X;)| < K, we have

(T aV)(@) = (TwaV)(@)| 7K [1 = By (2,a)].
(13)

Let e : X =R be defined by e(z) = 1 and observe
that

Y(1 =Py (,a)) = (Tue)(2) — (Tn ae)(x)
and therefore by (13) we have
(TnaV)(@) ~ (I oV (@) <

K |(Tue)(@) = (T ae) @)

Note that this inequality holds also when py (x,a) =
0. Taking the supremum over X yields

HTNaV_TNaVH SK‘Tae—TNGe

’ oo

By (12) we have

ey 2], =

K ||y ae — Toe +HTNQV—TGVH <
(K+1) max HTNQV' fTaV”
V'eBoU{e} 00
Therefore

max max ’TNQV — TaVH <
VeEeBgy ac A [e'e)

(K +1)max max
a€A VeBoU{e}

‘TNGV . TaVH .

Now, the statement of the lemma follows using
Lemma 5.6 with the choice N > py(d,e/(K +
1),6,K +1,K,, Ly, |Bo| + 1,|Al, 7). O



5.2. Mazimal Inequalities for Powers of Random
Bellman Operators

First we need a proposition that relates the fixed
point of a contraction operator and an operator
that is ”approximating” the contraction.

Proposition 5.8. Let B be a space of bounded func-
tions”, and fix some V € B and integer t > 0.
Let T\, T5 : B — B be operators of B such that
Ty € Lip, () for some 0 <~ <1 and

TSV —ToT5V] <o, 0<s<t—-1 (14)
for some a > 0. Then
|tV - T3v|,, < = (15)

1—

Proof. We prove the statement by induction; namely,
we prove that

«
vV -1T5 < — 1
T3V = T3V < o (16)

holds for all 0 < s < t. The statement is ob-
vious for s = 0. Assume that we have already
proven (16) for s — 1. By the triangle inequality,
T3V - T3Vl < DTV =TTV +
| T~V =TT~V . Since Ty € Lipy,(9),
the first term of the rhs can be bounded by
ol HTf_IV - TQS_IVHOO, which in turn can be bounded
by va/(1 — ), by the induction hypothesis. The
second term, on the other hand, can be bounded
by «, by (14). Since va/(1 — ) + a = /(1 — 7),
inequality (16) holds for s as well, thus proving the
proposition. O

We cite the next proposition without proof, as the
proof is both elementary and is well known.

Proposition 5.9. Let K = K, /(1 — 7). Then the
Bellman-operator T maps Bi (X) into Bi(X).

Now follows the main result of this section.

Lemma 5.10. Lett > 0 be an integer, e > 0, § > 0,
K=K,/(1-~), Vo € Bk(X). Let

"More generally, B could be any Banach-space.

p3(d765 57 K7 Kp7Lp7 ‘BO| ) |A| 77) =

K+1

2
2702
512K° K, <5(1_7)> <log8+log(|Bo|+1)

16(K +1)°L, dJ N 1)

+logA|+dlog({ 1)

o (3)):

IfN Z pS(da€7§7 Ka Kp»Lpa |BO| ’ |A| 77) then

(17)

acA

Proof. Let V;, = TV, 0 < s < t, By =
{Vo, V1, ..., Vi}. By Proposition 5.9, By C Bx (X).
By Lemma 5.7, if

P (max{ max HTN IV — TaTtVOH ,
o0

TA}VVOthVOH }g) >1-4.

N Z pQ(d7€(1 - 7)7 5a K7 Kpa Lpa |BO| ) |A| 57)
then
Tavaavu <e(l—9))>1-4
P (g o | EEIE
Let the elementary random event w be such that
[ - <e(l—7).
g e vtV — V| et =)

If we show that

max(maj( HTNa(w)TtVO — TaTtVoH )
ac 00

(18)
HTN(w)tVO - TtVOH ) <e
oo
then the proof will be finished.
Obviously,
max HTNa(w)TtVO - TanVOH < (19)
acA )

by the construction of By and since 1 —y < 1.
Now, note that
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HTN(W)V fTVH < max ’TNQ(M)V - TaVH

acA

holds for all V' € B(&X). Since by the choice of w
and N,

maxHTNa TSVOfTTSVOH <e(l—n),
0<s<t,

we also have

' () TV — TTSVOH <e(l—7), 0<s<t

Moreover, since Ty (w) € Lip,(7), Proposition 5.8
can be applied with the choice B = B(X), T, =
Tn(w), To =T and V = Vj, yielding

HTN(w)tVO - TtVOH <e.

This together with (19) yields (18), thus proving
the theorem. O

5.8. Proving the e-optimality of the Algorithm

First, we prove an inequality similar to that of
[14], but here we use both approximate value func-
tions and approximate operators.

Lemma 5.11. Let V € B(X), 21N € XN for some
N >0 and let m: X — A be such that

Toin V. =TyunV.

Then
. 2
Vo=Vl < 5= | max v
+7||TV—VIIOO>~
(20)

Note that since A is finite, the policy defined in
the lemma exists.

Proof. We compare TFV and T*V since these are
known to converge to V; and V*, respectively.
Firstly, we write the difference T*V — T*V in the
form of a telescoping sum:

k—1
TRV - TV =y (TiH'V - TiV)

i=1

k—1
H(LV =TV) = > (T"V - T'V).
i=1

Using the triangle inequality, the relations T, T} €
Lip_ (), and the inequality v~ +~+¥2 ...y <
v/(1 = 7), we get

|7V =TV (IITV Vi

(21)
+ TV - V|oo) TV =TV,

Using the identity TxlzN =V = Txl:N V, we write

T,V TV = (Tﬂv T ﬂv) + (Twl;w - TV)

and thus
1TV =TV, <|
+‘T11:NV—TVH §2max‘ INVH
00 acA )
(22)
On the other hand, |7,V — V| < [TV =TV +

|TV — V||, and therefore by (21),

TV — V| < % 1TV = V|,

n (7 + 1) TV - TVl
1—nv

which combined with (22) yields

zsv - < 2 (wv Vi

]

Taking the limes superior of both sides when k— oo

+ max ‘
a€A

yields the lemma. O



Note that if Thin, = T, then we get back the
tight bounds of [14].8

The next lemma exploits that if V; = T;L ~ Vo
for some Vy € Bg(X) then the Bellman-error
|ITV: — V4|, can be related to the quality of ap-
proximation of T, by szv a-
Lemma 5.12. Let K = K, /(1 —7), € > 0 and let
Vo € Bg(X) fized. Let

t=t(e,7, K) = {1°g<8ff>-%log<1/<s<1 —>7)))J’

log(1/7)

2N e XNV, = T;l,NVo and assume that

o e(1—19)
TV, — T VH <7 (o3
PN a ] = 41+ ) (23)

max‘
acA
Further, let 7 : X — A s.t. Tyin Vi = Tyn' V.
Then 7 is e-optimal, i.e., ||V = V*||  <e.
Proof. We use Lemma 5.11. Let V =V, and let us
bound the Bellman-error ||[TV; — V4| first:
ITVe = Vil < |[TVe = T Vi

(o)

+ ‘ TxlzN‘/t —V;

gmax’
A

T,V = T V|

‘ o0

ac
A ~
+ ‘ T;TN Vo — T;I:N VOH :
0

Since T,iv € Lip,(y), the second term is
bounded by

4t ‘ Torw Vo — VOH <
vt(

where we have used that Ty~ : B (X) — Bg(X)
and Vy € Bg(X). Therefore, by Lemma 5.11 we
have

Ton Vo + 1ol ) < 2K,

2(1 .
Ve = V¥ < gmaj‘(‘ T,V — Tpan Vi
— 7Y ac [ee}
41K t+1
+ =7
L—n

Using the definition of ¢ and (23) we get

8Note that the lemma still holds if we replace the spe-
cial operators Tzera: Tthw and szv by operators
Tw,Tw, T € Lip,,(7) satisfying (T5:V)(x) = (TW(Z.)V)(LL‘)
and (TV)(x) = maxge4(TaV) ().

11

Ve =Vl <

proving the lemma. O

Now, we are in the position to prove the first main
result that was stated as Theorem 4.1 before:

Theorem 5.13. Let K = K. /(1 —7) and let € > 0,
0 >0, Vo € Bg(X) be fized. Let

t=t(e,v, K)

and let

p4(d7€a 5) K7 vaLG |A| a,)/) =

2(K +1)

512K2K?
? ( e(l—7)?

) <log8 + log (t(e,y, K) + 1)

+ log |A| + dlog ({
+ log (;))

Let N > py(d,e, 0, K, Ky, Ly, |Al,7v). Let V =
TJ{,VO and let the stationary policy m be defined by
TnV =TnV. Then

384(K 4+ 1)?L,d
) )

(24)

P(Ve—Vi <e)=1-5  (25)

Proof. The proof combines Lemmas 5.12 and 5.10.
Firstly, we bound

m:ma("TNaTZt\,% —TGTJ@%)’ .
ac [e%e}
Let 7 : X — A be defined by

7(x) = argmax, ¢ 4 HTNGTJ{,% - TaTJt\,VbH

(7 does not depend on x). Then
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m = ||Tw T Vo — Te i Vo |
< HTNﬁTRVO - TNr”thVOHOO
n HTN;thVO _T’"thVOHOO

d

T:T!Vy — TﬁT}vVOH
<2y |7k Vo - T4
+ max “TNaTt% _ TaTtVOH
acA o)
<(2y+1)

max{maj‘( HTNaTtVo — TaTtVOH )
ac [e3e]

frion-r )
o0
Therefore if

N > p3(d,e(1—7)/(4(2y +1)(y +1)),6, K, Kp,
Ly, t(e,v, K), |A],7)

then by Lemma 5.10 and Lemma 5.12,
[Va =Vl <
with probability at least 1 — §. O

In order to finish the proof of the main theorem
we will prove that in discounted problems stochas-
tic policies that generate e-optimal actions with
high probability are uniformly good. This result
appears in the context of finite models in [9]. For
completeness, we present the proof here. We start
with the definition of e-optimal actions and then
prove three simple lemmas.

Definition 5.14. Let ¢ > 0, and consider a dis-
counted MDP (X, A,p,r,v). We call the set

A(x)={ac A : (T,V)(x) > (TV*)(z) —¢ ).

the set of e-optimal actions. Elements of this set
are called e-optimal.

Lemma 5.15. Let 7 : X x A — [0,1] be a station-
ary stochastic policy that selects only e-optimal ac-
tions: for all x € X and a € A from w(x,a) > 0
it follows that a € A.(x). Then ||V, —V*||, <

/(1 =)

Proof. From the definition of 7 it is immediate that
|T-V* = V*| <e. Clearly, T,V* < V* and

(T:V*) (@) = Y wl(w,a)(T,V")(x)

acA

= Z m(z,a)(ToV*)(x)
a€Ac(x)

> > w(wa)(TV)(@) ~ <)
a€A.(x)

=V*(z)—e.

Now, consider the telescoping sum

k—1
TRV =T, V* + Y (TiHV* —Tiv*).
i=1
Therefore,
ITzve=vi <
k—1

<|TVr =V + > |7 Ve =TV
i=1
<e+

O

The next lemma will be applied to show if two
policies are “close to each other” then so are their
evaluation functions. Both the lemma and its proof
are very similar to those of Proposition 5.8.

Lemma 5.16. Let B be a space of bounded func-
tions’, Bk C{V € B : ||V < K}. Assume
that T1,Ty : Bxg — Bk are such that for some
a>0 ||V -TV|, < a holds for all V € Bk
and Ty € Lip(y) for some 0 < v < 1. Then
eV —T5V| o < of(1 — 7). Further, let Vi* be
the fized point of Th and V5 be the fized point of Ts.
[Ty € Lipy.(3) then [V;' — V5 ||.. < a/(1 ).

Proof. The proof is almost identical to that of
Proposition 5.8. One proves by induction that
T3V —T5V| . < a/(1 —+) holds for all s > 0.
Here V € By is fixed. Indeed, the inequality holds
for s = 0. Assuming that it holds for s — 1 with
s > 1 one gets

9 Again, B could be any Banach-space.



T3V — T3V < |17V =TT V|
+ DTV - BTV L <ve/(—9) +a
= Oé/(l - 7)7

showing the first part of the statement. The second
part is proven by taking the limes superior of both
sides when s — oo. O

Now, we are ready to prove the lemma showing
that policies that choose e-optimal actions with
high probability are uniformly good.

Lemma 5.17. Let ¢ > 0, 1 > 6 > 0 be given. Let
7w X x A—10,1] be a stochastic policy that selects
e-optimal actions with probability at least 1 — 4.
Then ||[Vy = V*| o < (e +2K0)/(1 — 7).

Proof. Let 0(z) = 3,4 (s ™(z,a) denote the
probability of selecting non-e-optimal actions in
state x (z € X). By assumption, 6(x) < § < 1. Let
7'+ X x A—|0,1] be the policy defined by

m'(z,a) = Ir*(gk(;))’ if a € Ae(x),
' 0, otherwise.

We claim that T and T}, are “close” to each other.
For, let V € By (X), where K = K,./(1 — 7).

(T V)(z) — (T V) ()
=Y (n(@,0) = 7'(z,0)(T.V)(x)

acA

and since || T,V < K,

|TnV — T V|, <K Z |7(z,a) — 7' (x,a)]|.

acA
Further,

> In(@,a) = 7' (z,a)]
acA
= Z |7T($,CL) —W/(I,a)|

acA.(x)

+ 7 (z,a) — 7' (2, a)|

ag Ac ()

_ m(z,a)
= Z ) m(z,a) + Z m(x,a)

a€A. (z) ag A (w)
= 26(x) < 24.

Therefore, [T,V —TnV|, < 2K0. Since Tx
and T, and Bg(X) satisfy the assumptions of

13

Lemma 5.16, and the fixed point of T}, and T}/ are
V. and V., respectively, we have

Ve = Vi |l o, < 2K5/(1 — 7). (26)

Further, by construction 7’ selects only e-optimal
actions and thus by Lemma 5.15,

IV =Vl < €/(1 =)

Combining this with (26), we get that ||[Vz — V*[|
(e +2K0)/(1 —7), finishing the proof. O

We are ready to prove the main result of the paper
that was states earlier as Theorem 4.2:

Theorem 5.18. Let K = K,./(1 — ) and let e > 0
Fiz some Vy € Bi(X). Lete' = e(1—7)/(2(14+7)),
§=¢e(1l—7)/(4K)(= (1 —v)?/(4K,)). Further,
let

log(32K/(e(1 —v)?))
log(1/7)

t=t( 7, K) = { J (27)

and let
p5(du€7 K7 Kpu Lpu |A| 7’7) =

96(K + 1)
B

)

2
2 72
512K°K, ( ) <log8—|—log (t+1)

+ log | Al + dlog <{

4108 (E(ff_fw))

Choose

(28)

N Zp5(d7€7K7Kp7Lp7‘A|a’Y) (29)

and let V = T4 Vy. Further, let the stochastic sta-
tionary policy m: X x A — [0, 1] be defined by

m(x,a) = P(rxun (z) = a), (30)

where Tx1:~ 1S the policy defined by T men V=
TNV. Then m is e-optimal and given a state x,
a random action of ™ can be computed in time
and space polynomial in 1/e, d, K, log L,, |A| and

1/(1=7).
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Proof. The second part of the statement is imme-
diate (cf. Remark 3.2). The bound on the time of
computation is

O((t+1)N?|A|) (31)
and the space requirement of the algorithm is'®
O(N + |A]) (32)

For the first part, fix X'V, By Theorem 5.13,
if V.= Vi .y then V satisfies P(||[V — V™[ <

) > 1 — 4. We claim that if w is such that

V(@) ~ V*ll,o < & then mxun ()(@) € Ay (2).

Let us pick up such an w, let Ty = Tr ., (w);
note that V. = T\V. Then [|T:V* V¥ <
WV =TV +IV =V < (14+7)e’. There-
fore, using the definition of A.(z), we get that
Tx1n(w)(a) € Acr(144)(2). This shows that

P (7TX1:N (z) € ‘Aa/(l-&-’y) (lE)) >1-4.

Now, by Lemma 5.17, the policy 7 defined by (30)
is ((e/(1+~) + 2K46)/(1 — 7))-optimal, i.e.,

Ve = V¥l < (£'(1+7) +2K6)/(1 = ).

Substituting the definitions of &’ and ¢ yields the
result. O

6. Conclusions and Further Work

In this article we have considered an on-line
planning algorithm that was shown to avoid the
curse of dimensionality. Bounds following from
Rust’s original result by Markov’s inequality were
improved on in several ways: our bounds depend
poly-logarithmically on the Lipschitz constant of
the transition probabilities, they do not depend on
the Lipschitz constant of the immediate rewards
(we dropped the assumption of having Lipschitz-
continuous immediate reward functions), and the
number of samples depends on the cardinality of
the action set in a poly-logarithmic way, as well.

It is interesting to note that although our
bounds depend poly-logarithmically on the Lips-
chitz constant of the transition probabilities (char-

10 Assuming that only the normalization factors of the
transition probabilities py 1.~ are stored.

acterizing how “fast” the dynamics is), they de-
pend polynomially on the bound of the transi-
tion probabilities (characterizing the randomness
of the MDP). Therefore, perhaps not surprisingly,
for these kind of Monte-Carlo algorithms faster dy-
namics are easier to cope with than less random
dynamics (with peaky transition probability func-
tions).

As a consequence of our result, many interesting
questions arise. For example, different variants of
the proposed algorithm could be compared, such
as multigrid versions, versions using quasi-random
numbers, or versions that use importance sam-
pling could be compared. In practice, one would
probably choose not to recompute the cache C.
for each query. Also, in practice, one would prob-
ably precompute the transition probability table
Pxuwv (X;]X;,a) and in order to speed-up the iter-
ations one would probably eliminate the computa-
tion with those transition probability values that
are very close to zero. This would considerably
speed up the computations as one would expect
that “distant” parts of the state space are “un-
coupled”. However, the theoretical effect of these
modifications needs to be explored.

Note that the Lipschitz condition on p can
be replaced by an appropriate condition on the
metric-entropy of p(z|-,a) and the proofs will
still go through. Therefore the proofs can be ex-
tended to Holder-classes of transition laws or local
Lipschitz classes (e.g. |p(2'|z1,a) — p(a’|z2,a)| <
L(z',a)||lz1 — x2||;) (in this case one would need
to use bracketing numbers), smooth functions,
Sobolev classes, etc.

One of the most interesting problems is to ex-
tend the results to infinite action spaces. For sure,
such an extension needs some regularity assump-
tions on the dependence of the transition proba-
bility law and the reward function on the actions.
It would also be interesting to prove analogous re-
sults for discrete MDPs having a factorized repre-
sentation.

The presented algorithm may find applications
in economic problems without any modifications
[12]. We also work on applications on deterministic
continuous state-space, finite-action space control
problems and partially observable MDPs over dis-
crete spaces. Also, a combination with look-a-head
search can be interesting from the practical point
of view.

The algorithm considered in the article was tried
in practice on some standard problems (car-on-



the-hill, acrobot) and it was observed to yield a
reasonable performance even when the number of
samples was kept quite small (in the range of a
few hundred to few thousand samples). It was also
observed that boundary effects can interfere nega-
tively with the algorithm. Details of these experi-
ments, however, will be described elsewhere.
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