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Abstract— Reinforcement learning with linear and non-linear In this work, we consider a non-parametric regression ap-
function approximation has been studied extensively in théast  proach based on penalized least-squares regression method
decade. However, as opposed to other fields of machine leangi Even though penalized least-squares regression is one of th

such as supervised learning, the effect of finite sample hason t ful hes t sed . it i
been thoroughly addressed within the reinforcement learnig MOsL successiul approaches 10 Supervised regression, 1t 1S

framework. In this paper we propose to use regularization Surprising that it has not been thoroughly investigated in
in reinforcement learning and planning. More specifically,we RL. Along similar attempts to ours, we can mention [10]

control the complexity of the value function approximation  and [12]. However, these results do not provide an explicit
using L? regularization. We consider the fitted Q-iteration performance analysis like we do. Also [10] just works for
algorithm, provide generalization bounds that account forsmall . . . . ; .
sample sizes. A realistic visual-servoing problem is usedot the determ'msuc transitions with a fl'xed policy. _ln th'w
illustrate the benefits of using a regularized procedure. we consider the control problem with stochastic transgtion
Also, the approach we propose can inherently perform model
I. INTRODUCTION selection by varying the regularization parameter.
Regularization has proven an effective tool in machine Here we consider the fitted Q-iteration algorithm of [8]
learning and in particular in supervised learning. The maiwhere the iterates are obtained by solving penalized least-
idea is to consider the learning problem as an optimizatiosguares regression problems. This way we hope to borrow the
problem where one minimizes the sum of an empirical err@gtrength of a state-of-the-art supervised learning amroa
term and a complexity penalty, the regularizer, that peeali help solving learning and planning problems more efficientl
complex solutions. The tradeoff between the empiricalrerraNe develop specific formulae for kernel-based fitted Q-
term and the penalty term is controlled by a single numeric@eration. Our main theoretical results bound the quality o
value: the regularization coefficient. This way the problenthe solutions found given that the algorithm spends a finite
of model-selection is reduced to the problem of choosing amount of computational resources on the task. The strength
single numerical value. When the parameter is chosen in afithe approach is that the complexity of the function class
appropriate way (based on the data or by complexity regand thus the performance) can be controlled by tuning the
larization), the resulting procedure is known to adapt ® thpenalty factor alone. We argue that non-trivial perforneanc
complexity of the target function automatically, convex@i gains are possible if one chooses the penalty factor in a
almost as fast as if the model was known beforehand (e.gata dependent manner. We show this empirically in our
[9D. experiments. Although finite-sample performance of fitted
Recently the problem of tuning function approximators hag-iteration has been considered earlier [1], to our best
received considerable attention for the solution of Markoknowledge this is the first work that addresses finite-sample
Decision Processes, especially in the reinforcementile@rn performance of aegularized RL algorithm.
community. For example, [13] considered parameterized Both planning and learning can benefit from regulariza-
function approximation architecture where the parametet®n. In many real world planning problems of interest, the
are changed to better minimize the Bellman residual erragimulation time is limited and a policy has to be found
and [17] constructs new basis functions from the Bellmarelatively quickly. In such problems, a simulator is avail-
residual in fitted value iteration. In other approaches,-nomble to generate samples from a typically high dimensional
parametric regression is used whereas the function represgtate space. For example, in control of complex networks
tation has the potential to adapt to the actual difficulty ofe.g., power and communication networks), the only way
the problem. Examples of this approach include [11] wherg compute a good policy is through simulation. Simulating
support-vector machines are used to represent policies in @ complex network is computationally demanding since it
approximate policy iteration procedure, the tree-rego@ss requires a discrete events simulations; see [15] for furthe
based fitted Q-iteration algorithm of [8], or the GPTDdiscussion. Using a regularized version of the fitted Q-
algorithm of [7] that builds on Gaussian processes regrassi learning algorithm that takes the finiteness of the avaglabl
This work was partially supported by NSERC and AIF. data into account is therefore relevant for planning as well
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the reader to [3] for further details. FittedQ (D, K ,Qo)
For a measurable space with domain we let M(S) Il D: samples
denote the set of probability measures ogerFor p > 1, /I K: number of iterations
a measures € M(S), and a measurable functigh: S — II' Qo Initial action-value function
R, we let | f|,, denote theL?(v)-norm of f defined as Q@ < Qo // Initialization
I£IIP, = [ 1f(s)[Pv(ds). We shall also writé| f||,, to denote for k=0t K —1do
the L2(v)-norm of f. We denote the space of bounded Q' FitQ(Q, D, k)
measurable functions with domait’ by B(X), and the Q—Q
space of measurable functions with boulid< K < oo end for
by B(X; K). return @
A finite-action discounted MDP is defined by a quintuple
(X, A,P,S,~), where X is the (possibly infinite)state Fig. 1. Fitted Q-lteration
space, A = {ai,aq,...,apn} is the finite set ofactions,

P.axA f).M(X) Is the transition prob_ab|l|ty kernel,_ valuesV*(z) for any statex € X, i.e., if V™ (z) = V*(x)
P(|z,a) defining the next-state distribution upon takmgfor all x € X. In order to characterize optimal policies it

actiona in statex, 5(-|z,a) gives the corresponding distri- oy pe” \coril 1o define the optimal action-value function,
bution of immediate rewards, and~ € (0,1) is the discount Q*(z, a);

factor. We make the following assumptions on the MDP:

Q" (x,a) = sup Q™ (z, a).

Assumption A1 X is a compact subset of thiedimensional i
Euclidean space. We assume the expected immediate rewdrtither, we say that a deterministic policy is greedy
r(z,a) = [rS(dr|z,a) are bounded byRyax: [|[7]je < WLt an action-value functiod) € B(X x A) and write
Rinox. m = 7(;Q), if, for all x € X anda € A, n(z) €

_ ) ) ) argmax,c 4 @(x,a). The Bellman optimality operatdf” :

A sta_t|0nary Markov policyr : X — M(_A) is defined as B(X x A) — B(X x A) is defined by

a time-independent (measurable) mapping from the current
state to a distribution over the set of actions-[z). A (TQ)(z,a) = r(z,a) +7/maxQ(y,a’)P(dy|x,a).
policy is deterministic if the probability distribution noen- a’€A
trates on a single action for all states. Deterministidatairy ~ As it is well known, this operatof” is a contraction oper-
Markov policies will be identified with mappings from statesator w.r.t. the supremum-norm with index Moreover, the
to actionsrt : X — A. In the rest of this paper, we use theoptimal action-value function is the unique fixed pointZaf

term policy to refer to stationary Markov policies. TQ* = Q*. Starting from anyQy € B(X x A),
The value of a policyr when it is started from a state
x is defined as the total expected discounted reward that is Q1 =TQk
encountered while the policy is executed, i.e. is thus guaranteed to converge (at an exponential ratg} to
) This procedure is calledalue iteration.
VT(z) =E, [thRt Xo = x] . Throughout the pape# C {f : X — R} will denote
t=0 some subset of real-valued functions over the state-space

Here R, denotes the reward received at time step . For convenience, we will treat elements B as real-
R, ~ S(|X:, A;) and X, evolves according taX;; ~ Valued functionsf defined overX x A with the obvious
P(:|X;, A;) where 4, is sampled from the distribution identification f = (f1,...., fu), f(2,a;) = fi(@), j =

assigned to the past observations by For a p0||cy m, 1,. ,]\/[ The Set]:M will denote the set of admissible
Ay ~ 7(-|X,), while if 7 is deterministic then we write functions used in the optimization step of our algorithm.
A; = m(X:). The functionV™ is also called the state- . ALGORITHM

value function of policyr. Closely related to the state-value
functions are the action-value functions, defined by

S m

t=0

The algorithm studied in this paper is an instance of
the generic fitted Q-iteration method, whose pseudo-code is
shown in Fig. 1. The algorithm attempts to approximate the
optimal action-value functio®* and mimics value iteration.

) ) _ Since computing the Bellman operator applied to the last
Itis easy to see that for any poliey, the functionsV’™ and jierate at any point involves evaluating a high-dimensiona

Qﬂ(Ia a) = Eﬂ

Xo—x,Ao—a‘| .

Q" are bounded b)Rmax/(l_ - 7)-_ ) ) integral we use a Monte-Carlo approximation together with
Given an MDP, the goal is to find a policy that attains the, regression procedure. For this purpose a set of sanfiples
best possible values, is generated:
Vi(z) = Sipvﬂ(“’”)’ D = {(X1, A1, Ry, X1), ..., (XN, An, Ry, Xv) }-

for all statesx € X. FunctionV* is called the optimal value In this paper for the sake of simplifying the analysis we
function. A policy is called optimal if it attains the optilna assume that the actions and next states are generated by



some fixed stochastic stationary poligy: A; ~ 7,(:|X:), Thus, more generally, we may start with a Mercer kernel
X[ ~ P(-| X, Ay), R ~ S(-| X4, Ay). The state-marginal of functionk, and setPen(Q) to be the norm ofQ in H, the
v is denoted byy. We assume that is a strictly positive RKHS underlyingk [18]. This way we obtain
measure, i.e., its support & x A. Intuitively, this ensures T 5
that the samples cover all state-action pairs. In partidoia Qk+1 = argmin [Lk(Q) +A ”QHH} : )
this we must have that,y £ minge 4 infyex mp(alz) > 0. ) eert

The fitting procedure that we study in this paper igAcco_rdlng to the Representer Theorem (e.g., see [18])yever
penalized least-squares. Assuming that in A& iteration solution to Eq. (2) is the sum of kernels centered on the
we use samples with indeX;, < i < Np+ My, = N1 —1, observed samples: i.e.,

the (k + 1)*! iterate is obtained by Ny+ M1
. A Q(Iaa) = QG— N, +1k((Xi7Ai)a(Iaa))a
Qry1 = argmin [Lk(Q) + /\Pen(Q)} , Q) i:XN:K k
Qe]:lw
where wherea = (ay,...,ay, )" are the coefficient that must be

determined. Let us assume th@t was obtained previously
Np+Mp—1

A 1 ;. 2 in a similar form:
Lk(Q) - ]\/_[k ZN [Rz+'7 glgﬁ Qk(Xiva )_Q(XMAZH ) Ni—1+My_s o
1=INg k
Qk(xaa) = ai_ k (Xi,Ai),(l',a) B
andPen(Q) is a penalty term and > 0 is the regularization i:%;l wiank( )
coefficient! The first term is the sample-based least-squares o )
error of usingQ to predict and let us collect the coefficients into a veatdt) € RMx-1.
o Replacing@ in Eqg. (2) by its expansion and using RKHS
R; + v max Qx(X;, o) properties, we get
at (X;, A;). This term is the empirical counterpart to the losgy(*+1) = argmin ML Hr +~yKtal® — KaHQ—I—)\aTKa,
acRMk k
_ 2 3
Ly(Q) =E [(Ri + nggﬁ Qk(X{aa/) - Q(Xi, Ay)) ] : with K € RMixMi g+ ¢ RMixMi—1 )
The minimizer of this loss function is the regression fuoiati (Klij = k(Zicisne Zj—148,),

+1.. _ (k) )
E[Riﬂmaﬁcmxz,a'ﬂxi_I,Ai_a}—<TQk><x,a>. (K'is = k(25w Ziemes),
a’'e

g hereZ; = (X;, A;), 2" = (X7, A%,
As the number of samples grows to infinity the empirical lose 1€ 4 (X5, 45). Z; (X5, 457)

converges td.;, and we expect the iterat@y.1 to converge A§k) = argmax Qi (X, a),
to TQy. To do so, one needs to prevent overfitting. This is a€A
the job of the second term on the right hand side of (1). Thigng
term r_egulates how cor_‘nplex solutions are acceptlablt_e in an r=(Rn,.-..,Rnsnr—1)"
implicit manner. Choosing a larger means searching in a _ _
smaller space of functions. Solving Eg. (3) fora we obtain
When FM is a Sobolev-space anHen(Q) is the cor- oY) — (K + M)~ (r + v KT o).

responding Sobolev-space norm (the squared norm of the
generalized partials ap), this optimization leads to smooth- The computational complexity of iteratidhwith a straight-
ing spline estimates, popular in the non-parametric siegis forward implementation isO(M}) as it involves the in-
literature [9]. When searching for a solution in general th&ersion of a matrix. Thus, in order to understand how the
order of smoothness is unknown. Further, the optimal choicdgorithm behaves it suffices to understand how the error
of the regularization coefficient would depend on the targdtehaves after a certain number of iterations. This is what we
function. The approach taken in regression can be followetb in the next two sections.
here, too: Try different smoothness orders (this corredpon
to different penalty terms) with different regularizatiooef- IV. ERROR PROPAGATION
ficients and choose between them using a hold-out set. ThisIn order to analyze Fitted Q-iteration we rewrite it in the
leads to estimates whose rate of convergence has the optirffdm
order and scales with the actual roughnéssy(7'Qy). _ . _

Optimizing over a Sobolev-space is a pa(rticula)lr case onkJrl =TQ=er (k20); and e =Q"=Qo. (4)
optimization in a reproducing kernel Hilbert space (RKHS)Note that these equations define the error sequepdey, :

X x A — R) from the sequence of iteratedg)}, and

1No‘te that in practice one would generate samples as needés] be., ot vice versa (except far_,, the ”initial error”, which is
there is no need to generate and store all the samples. Hovieizalso . . . . e -
possible to reuse the samples if sample generation is expems such a introduced just for notational simplification). Here we are
case the analysis needs to be changed slightly. interested in studying how the errofg;} influence the



performance of the policy greedy w.r@x (K > 0 is we have access to the generative model, and is the case of
the number of iterations in the algorithm; see Fig. 1). Thelanning. However, this assumption is not essential, and we
idea is that the regression procedure controls the sizeeof tfust use it to simplify the proof. We can extend this result to
error functionsz, hence it must be possible to obtain goodhe case that the agent observes a single trajectory gederat
policies eventually. Fok > 0 let m;, be the greedy policy by a fixed policy by having appropriate mixing condition on
w.rt. Qx: m = 7(-; Q). Then our goal is to bound the the MDP, i.e. learning case (see [1]).

norm of V* — V& (note that this is guaranteed to be non- Theorem 2. Assume that X = [0,1]¢, k €
negative). In order to arrive at a bound on this quantity wé&ip*(s, C(X, X)), s > d, and @, is such that
make a number of assumptions. TQr € H(= Hy).2 Furthermore, (for the sake of simplicity)

Recall that » denotes the distribution underlying assume that all functions involved in the regression prable
{(X:, A¢)}. For the sake of flexibility, we allow the user (the reward function@), and the result of the optimization
to choose another distributiop, € M(X), to be used in problem(),.1) are bounded by some constant> 0.3 Let
assessing the procedure’s performance. The main result@f, be the solution of (2) with som& > 0. Then
this section is the following theorem that bounds the loss of 4

. . . 2 2 ClL C2 10g(1/5)
using the policy learned as a function of the losses of th§Qx 1 — T'Qxll, < 2 [|TQx7, + T A
solutions of the regression problems solved while running k k
the algorithm. The proof is omitted from this paper. with probability at leastl — 4, for somecy, c2 > 0.

Theorem 1 (LP-bound): Consider a discounted MDP with  Note the trade-off in the bound: increasingincreases
a finite number of actions. Let> 1. Assume thaf);, ande;,  the first term, but decreases the second. The optimal choice
satisfy (4) and that;, is a policy greedy w.r.tQ;,. Fix K >  strikes a balance between these two terms. It depends on the

0. Define Ey = |le_1| and&x = maxo<ip<i ||5k|\p,,- number of sampled/, '[he2 complexity of the target function
Then there exist constants constafifs, andC?,, thatonly ~7'Qx measured by|TQy |3, the dimension of the problem
depend orp, v, v and the MDP dynamics such that d, and the degree of smoothness measured. Byith A\ =

M, /%) the rate of convergence is

* T K
HV -V KHILP < 7(1_7)2 v7 Eg+ O(]\/fk—l/(l'*'d/s))_

LD o1 In fact, this is the optimal rate for regression with smoetm
+ ((1 = (CSED)P +(CS% ))5) Ex |- order s/2. As an immediate corollary of this result and
Theorem 1 shows that if the error sequengeis small, _Theo_rem L we get t_he following result, assuming that in each
the error between the optimal value functiéft and the iteration we are using the same regularization parameter.
Corollary 3 (L2-bound): Assume that the conditions of

value of our estimated policy ™~ is small too. We can use the previous theorem hold and we use the same number
standard PAC results to give a high probability bound on thef samples in each iteratiom/; = My, = ... = M.

magnitude of each;, (and consequentlyi) as a function of Let 7x be greedy w.rt. the<™ iterate, Q. Define B =
the available data. We provide such a bound for the case ofaxo<<x HT’“QOHZ Then, for anys > 0 with probability
RKHS in the next section. Theorem 1 also suggests a modail leastl — o,

selection mechanism: Since our goal is to minimizg,

we can use different regularization coefficients and/on&er [V: =V, <
parameter in solving Eq. (1) in such a way that=alremains

as small as possible (this can be done by doing a cross-
validation at each iteration). This is important because th
appropriate regularization coefficient and even the famcti (111 (21)\1
space (which is determined by the kernel parameter) maythereC = (1—v)(Cp ")z +7(Cp 7))z ander, ca,c3 > 0

2
(1-

coL* +C3log(K/5) 1/2
MyNd/s M, L* '

K
5 (72 el +

C |:61AB —+

change during iterations. are universal constants. .
Again, by choosing\ = cM; /(+4/9) the second term
V. L?-BOUND FOR REGURALIZED is made converging to zero witd/; — oo at a rate
KERNEL-BASED REGRESSION oMy /0Ty corresponding to the optimal regression

rate for smoothness ordeyfs. On the other hand, by letting
K approach infinity, one can make the first term as small
result can be obtained by generalizing Theorem 21.1 of [§S desired. Note that the cost of executing the procedure is

to arbitrary RKHS with smooth kernel functions, combining (KMlg)' Then given a computational budggf one may
it with Prop. 3 of [19]. The result is for the case whenCPtimize K and M, to get the best possible performance.

X =[0,1]7, but can be generalized to other compact spac&darly. it suffices to choos&™ = }og(ﬁ)/,(GfgleP(;:/i))g;iven the
with “regular” boundaries relatively easily. In the follawg ~PUdgets the performance will b& (B )-
theorem, we assume thal, ~ v is an i.i.d. sequence and 2For the definition of the generalized Lipschitz spdde* see [19].

Ay~ 7Tb('|Xt) for Som? m, that S?IeCtS a.” actions with SWhen this does not hold, a truncation argument is neededhburesult
non-zero probability. This assumption basically means$ thaould essentially be left unchanged.

In this section we assume th@,, ; is obtained by solving
the RKHS regularization problem of Eq. (2). The following



VI. VISUAL-SERVOING PROBLEM are limited to X' = 1000, but if the action-value function

By considering a visual-servoing problem as our expeer+51 is very close toQ;, (empirical norm smaller than
ment, we study the effect of regularization coefficient and? ), We stop the iteration.
kernel parameter on the performance of the regularized Ve Use & Gaussian kemek((qi,u1),(g2,u2)) =
FQI algorithm. Also we compare its performance with a&xp(— 22T, _,,y with different kernel parameters
conventional visual-servoing controller. o2 in all experiments. We use MatLab, Corke's Robotics
Visual servoing is the task of controlling the motion of aToolbox [6], and the Epipolar Geometry Toolbox [14].
robot using vision data ([5]). Visual data can include irpout  The goal of the first experiment is studying the effect of
like the position of the end-effector on visual input or thehe kernel parameter and the regularization coefficient
image of an external object on the robot-mounted camer@ the performance of the FQI. We evaluate the performance
Forward kinematic model of the robot, cameras’ parameter@f 7 (- @), the greedy policy w.r.tQ, by a Monte Carlo
and the relative position of objects in the world define dnethod using000 random trajectories starting from a initial
visual-motor kinematic modek = f(q) whereq € R? is pos_,itions chosen uniformly at random and then following the
joint variables for a robot withi degrees of freedom and Policy.
X € R™ is the vector of visual features. The aim of visual Fig. 2 shows the performance of policies generated by

time so that some objective function is minimized, e.g., cient and the kernel parameter. Lighter regions show better

performance and darker regions show worse performance.

e(t) = X(t) — X~ A prominent region where the performance is considerably
better than other regions is evident. This region has mogera
galues ofA and o2. The performance degradation for very
small values of) is an indication of over-fitting. Under-
afitting is also observable for large values of regularizatio
T(q) = of (@) coefficient. Although the performance_ is !ess sensit_ivehm t

dq ’ kernel parameter than to the regularization coefficientrpo
performance is visible for very small values of. Such
values ofo? lead to over-fitting.

goes to zero asymptotically. A conventional controlleriges
methodology uses local model of visual-motor kinematic t
design the controller. Defining the visual-motor Jacobian

the control signal would bex(t) = ¢(t) = —J'(q) where
J1(q) is the pseudo-inverse of the Jacobiam@t). Never- . . .
theless, there are at least two problems with conventionaIF'g' 3 compares the performance of FQI equipped with

controllers. One is that they need to know the dynamics (? empirical Bernstein race model selection mechanism
a

the system. There are adaptive methods that can parti mis)ﬁ}een[tlr?e]z) ntl?n:girFz)efrI?arir:iigCSagp?eg(?g\(/ear:g%gal controller

remedy this problem. The other more important problem The problem formulation for the RL problem is a vari-

is that they are usually local controllers and cannot benefit. .
X ation of the total time to the goal. To compare these two

from long horizon plans. Therefore, one can expect that thej
. : controllers, we need to make sure both controllers use the

performance would not be optimal because of their myopic . ;
design same amount of power. The RL agent's policy selects the

. . control signalu(t —1,+1}3. Therefore, the power of
In these experiments we apply the regularized FQI meth 9 (t) € {~1,+1} P

. . . e signal is 3. For the conventional controller (which is a
to design controller for the visual-servoing task. The prob. R .
A ) . linear controller), we normalize its output so that its powe
lem is visual set-point regulation for the famo®ima

.become 3. When the error is large, this modification prevents

560 robotic arm with an eye-to-hand stationary stereo ri )
\ . : ) e controller to spend so much power. When the error is very
configuration. The visual features are the coordinate of en . : o
Small, it makes the controller act like a switching contall

i 4
effector onto the image space of these two cameXas (") For this experiment, the number of samples is changing

_ H H * T .
and the set-point isx 000 0. We have_ acCess 1om around700 to 7000. We apply regularized FQI for 20
to 3 degrees of freedom of the robot and the discrete-time . .
. . g models (different\s andos), and use the model selection to
control signal isu(t) € {—1, +1}° with time step of).02sec. ) )
. L hoose one of them. For model selection, we put a maximum
We desire to minimize the number of steps to the goal .
: o . . imit of 1000 trajectory samples for each model (refer to [16]
from arbitrary initial position. We formulate this problem . : .
: . . for details). After selecting the best model, we compare it
as solving a discounted MDP with = 0.95 where : . .
with the conventional controller by evaluating the return
—1, if| | Xop1 — X2 > 10, of 1000 randomly selected trajectory paths. We run this
Ry = 1 otherwise experimen® times. The error bars (or dotted interval) shows
TH[ X1 = X2 iri
the standard error around the empirical average.
This encourages the robot to move towards the goal as soorThe result shown in Fig. 3 indicates that the regularized
as possible. FQI with a model selection procedure generates competitive
For all experiments, we use i.i.d. samples fraqme policies. Even when the number of samples is not so large,
U((—1,1)3) for both training and policy evaluation. Actions it performs better than the conventional controller. Note
in the training set are generated uniformly. In our experithat we do not necessarily claim that our controller is
ments, we re-use the same data in all iterations. The ibei@ti better than the usual practice in visual-servoing research
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since we have not tried hard to optimize the convention&l@jectory of some behavior policy looks possible along the
controller, but the claim is that the regularized FQI's sioim  lines of [2].
performs comparably well without using any domain specific
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