FACTORISATIONS OF CHARACTERISTICALLY SIMPLE GROUPS

CHERYL E. PRAEGER AND CSABA SCHNEIDER

ABSTRACT. We solve some factorisation problems for finite characteristically simple
groups, using factorisations of elementary abelian 2-groups. The problems arose from
a study of permutation groups. We found the connection between the factorisations of

these two types of groups surprisingly interesting.

1. INTRODUCTION

A group factorisation is a pair (G,{A, B}) where G is a group and A, B are subgroups
of G such that AB = G. It is called non-trivial if both A and B are different from G'.
In this situation we also say that {A, B} is a factorisation of G.

The aim of this paper is to characterise three different kinds of factorisations of finite
characteristically simple groups. These factorisations arose in the study [3] of Cartesian
decompositions invariant under a permutation group GG with a minimal normal subgroup
M that is non-abelian and transitive. In our research we found that describing certain
types of Cartesian decompositions was equivalent to finding the factorisations of the char-

acteristically simple group M that are studied in this paper.

This work stemmed from a study of finite primitive and quasiprimitive permutation
groups [1, 8], in which the problem of classifying all factorisations (7,{A, B}) of finite
simple groups T such that |T|, |A|, and |B| are divisible by the same primes plays a
vital role. Such a factorisation is called a full factorisation of the simple group 7" and
their classification was achieved by Baddeley and Praeger [2]. There are surprisingly few
examples, and the possible isomorphism types for 7', A, and B are listed in Table 1. In
each line of Table 1 the conjugacy classes of the groups A and B have to satisfy further
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conditions, and a detailed description of such full factorisations can be found in [2]. In

particular, in each line A and B cannot be conjugate.

T A B
1 Ag As As
2 M5 My, Mi1, PSLo(11)
3] P(9), ¢=3 Q7 (q) Q7 (q)
4 PO (2) Sps(2) | Az, As, Sr, Ss, Spe(2), Z8 x Ay, 7S % Ag
Ay Ag, Sg, Spg(2), Z§ x A7, 7§ x Ag
5| Spa(q), ¢ =>4 even | Spy(q?) - 2 Spa(4®) -2, Spa(q?)

TABLE 1. Full factorisations {A, B} of finite simple groups T

A systematic study [3] of Cartesian decompositions left invariant by a finite quasiprim-
itive permutation group raised the question of classifying full factorisations of finite non-
abelian characteristically simple groups, defined below.

If M is a non-abelian characteristically simple group, then the simple normal sub-
groups of M are denoted by Ti,...,T,. Then M can be written as the direct product
M =T, x -+ x T}, and if T is a group isomorphic to T} for ¢ = 1,... k., then we also
identify M with T%. For i = 1,...,k the i-th projection map M — T is denoted by o;.

Definition 1.1. For a characteristically simple group M = Ty x --- X T} and proper
subgroups Ky, Ky, (M,{Ki, K3}) is said to be a full factorisation if M = K K, and
(T3, {0:(K1),0,(K2)}) is a full factorisation for all i.

The fact that all A and B occurring in Table 1 are almost simple or perfect (see
Lemma 4.1) is the key to our first theorem, which will be proved in Section 4.
Theorem 1.2. If (M, {K, Ks}) is a full factorisation of a characteristically simple group
M =T, x---xT}, then

(1) O'1<Ki)/ X oo X O'k<Ki)/ < Kz fOT 1= 1, 2.

For the groups in rows 1-4 in Table 1 we obtain the following corollary, whose proof is
found in Section 4.
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Corollary 1.3. Let M =T} x --- x T}, be a characteristically simple group such that the
T; are isomorphic to one of the groups T in rows 1-4 of Table 1. Then (M,{K;, Ks})
is a full factorisation if and only if (1;,{c;(K1),0;(K2)}) is a full factorisation for
j=1,...,k and (1) holds.

Corollary 1.3 does not apply to row 5 of Table 1. The difficulty in row 5 is that
for the groups in this row A’B’ # T'. Let us suppose that 7" = Sp,(q) for some even
g>4,andset M =T, x---x T, =T"%. Let K; and K, be subgroups of M such that
(T;,{0:(K1),0:(K3)}) is a full factorisation for all i and (1) holds. How can we guarantee
that K1 Ky = M? If {A, B} are subgroups of T' such that A, B = Sp,(¢?) - 2 and
AB = T, then a result of Baddeley and Praeger [2] implies that A’'B = B’A = T, but
A'B' #T. By Theorem 1.2, K! is isomorphic to (A")*, and Ny, (K;) = (Sp,y(¢°) - 2)*. So
Na (K;) = K/, and Ny, (K;) /K] is the unique quotient of Ny, (K;) that is isomorphic
to kZo. The following theorem gives two necessary and sufficient conditions for the
factorisation M = KK, to hold.

Theorem 1.4. Let M = Ty x --- X T}, be a characteristically simple group such that
T; = Sp,(q) with some even q > 4 for all i. Let K; and Ky be subgroups of M such that
(T3,{0i(K1),0:(Ks3)}) is a full factorisation for all i, and (1) holds. Then the following
are equivalent:

(1) KKy = M;

(2) U1(Ky) + Vo(Ks) = kZs for some epimorphisms W, : Ny (K;) — kZs (i=1, 2)
such that W1 and Wy agree on Ny (K1) NNy (Ks);

(3) Wi(K1) + Vo(Ky) = kZy for all epimorphisms V; : Ny (K;) — kZs (i =1, 2)
such that Wy and Wy agree on Np (K1) NNy (Ka).

In Example 4.3 we construct two maps ¥; and Wy which satisfy the conditions of The-
orem 1.4. In Section 3 we prove a general version of Theorem 1.4 as Proposition 3.4, which
has applications to direct products of almost simple groups. The proof of Theorem 1.4
will be given in Section 4.

Our description of full factorisations of finite characteristically simple groups enables
us to characterise a different kind of factorisation, which was also needed in the study [3]

of Cartesian decompositions.
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Theorem 1.5. Let M =T x---x Ty, be a characteristically simple group, w; : T; — Tk

an isomorphism for i =1,... k, and set
D={(t, ot i (), - on(t) | 61 € Thy ooty € Ti

If K is a subgroup of M such that 0;(K) = 0;(K) 2T\ for all i and j, then the following
hold.

(a) If DK = M then
2%k
(2) (T3, {0i(K), p; (001 (K))}) is a full factorisation for all i and HO’Z'(K)/ < K.
i=1
(b) If the T; are isomorphic to a T in one of the rows 1-4 in Table 1, then DK = M
if and only if (Ty,{0i(K), 0; *(cisx(K))}) is a full factorisation for all i, and
K=01(K)x-- X oy(K).
(c) If T; = Sp,(q) with some even q > 4 for all i and K satisfies (2) then the
following are equivalent:
(1) DK = M
(2) U(K)+¥(DNNy (K)) = 2kZy for some epimorphism W : Ny (K) — 2kZs;
(3) U(K)+Y(DNNy (K))=2kZy for all epimorphisms ¥ : Ny (K) — 2kZ.

Theorem 1.5 will be proved in Section 6.

A strong multiple factorisation of a finite almost simple group G is an ordered pair
(G,{A;,..., Ar}) where k > 3 and Ay, ..., A; are proper subgroups of G not containing
Soc G such that A; (ﬂj# Aj) = @G for all ¢. This type of factorisation arose in the
study [1] of primitive overgroups of finite quasiprimitive groups. It was proved [2] that all
strong multiple factorisations of finite non-abelian almost simple groups consist of £ = 3
subgroups, and the possible isomorphism types for T, Ay, Ay, and A3 where T is a
non-abelian simple group can be found in Table 2.

In our research [3] we needed to consider strong multiple factorisations of characteris-
tically simple groups, defined as follows.

Definition 1.6. Let M =T} x---xT}, be a characteristically simple group. For subgroups
Ky, Ky, K3 of M, (M,{Ky, Ky, K3}) is said to be a strong multiple factorisation if

(].) Kl(KQ N K3) = KQ(Kl N Kg) = Kg(Kl N KQ) = M,' and
(2) (Ti,{oi(K1),0:(K2),0:(K3)}) is a strong multiple factorisation for all i.
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T Ay A, As
SPua(2), @ =2 |5py(4) -2 04,(2) 05 (2)
2 PO (3) 07(3) | Z§ x PSL4(3) | PO (2)
Spg(2) Ga(2) 05 (2) Og (2)
Go(2) 05 (2) Og (2)
Ga(2) O; (2)' O (2)
Gy (2) 05 (2) O¢ (2)'

TABLE 2. Strong multiple factorisations {A;, Ag, A3} of finite simple
groups 1’

For groups as in the previous definition, we also say that {K7, Ky, K3} is a strong
multiple factorisation of M. The following theorem is similar to Theorem 1.2, and it will

be proved in Section 5.

Theorem 1.7. If M =T} x --- x T}, s a characteristically simple group with a strong
multiple factorisation (M,{K;, Ko, K3}), then

(3) O-I(Kiy X X O'k(KZ'>, < Kz fO’l” 1= 17 2, 3.

For the groups in rows 1-2 of Table 2, we obtain the following corollary; see Section 5
for details.

Corollary 1.8. Let M =T} x --- x T}, be a characteristically simple group such that the
T; are isomorphic to one of the groups T in rows 1-2 of Table 2. Let Ki, K5, and K3 be
subgroups of M such that (T;, {o;(K1),0:(K2),0,(K3)}) is a strong multiple factorisation
forall i € {1,...,k}. Then (M,{K, Ky, K3}) is a strong multiple factorisation if and
only if K; =o01(K;) x -+ X ox(K;) fori=1, 2, 3.

The case T = Spg(2) remains to be treated, and we use methods similar to those in
Theorem 1.4 to complete our description of strong multiple factorisations of characteris-
tically simple groups. Let T = Spg(2) and set M =Ty x --- x T, = T*. Let K;, Ks,
and K3 be subgroups of M such that (T}, {0;(K1),0,(K2),0;(K3)}) is a strong multiple
factorisation for all 7, and (3) holds. Then for each ¢ the factorgroup Ny, (K;) /K] is an
elementary abelian 2-group with order 2%, and is the unique such quotient of Ny, (K;).
The following theorem gives two criteria in terms of the subgroups K;/K| to decide when
(M, {K, Ks, K3}) is a strong multiple factorisation. Its proof will be given in Section 5.
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Theorem 1.9. Let M = Ty x --- x T}, where the T; are isomorphic to Spg(2), and let
Ky, Ky, and Kz be subgroups of M such that (T;,{0;(K1),0:(Ks),0;(K3)}) is a strong
multiple factorisation for all i, and (3) holds. Then the following are equivalent.

(1) The factorisations Ky(Ko N K3) = Ky(K; N K3) = K3(K1 N Ky) = M hold.
(2) The factorisations

(4) Wi(Ky) + (Ua(Ka) NU3(K3)) = VoK) + (U1 (K7) N W3(K3))
Wy (Ky) + (U4 (K) N Ws(K)) = ks

hold for some epimorphisms W, : Ny (K;) — kZy (1 =1, 2, 3) such that ¥y, ¥y,
and V3 agree on Ny (K1) NNy (K2) NNy (K3).

(3) The factorisations (4) hold for all epimorphisms V; : Ny (K;) — kZs
(i=1, 2, 3) such that ¥y, Wy, and V3 agree on Ny (K1) NNy (K2) NNy (K3).

2. SUBGROUPS OF DIRECT PRODUCTS

If Gi,...,G}, are groups and G = G; X -+ X Gy, then for I C {1,...,k} the symbol
o; denotes the projection G — [[,.; Gi. If I is a singleton {i}, then we write o; = 03,
as in the previous section.

Lemma 2.1. Let G and Gs be isomorphic groups, ¢ : G — Go an isomorphism, K a
subgroup of G, and H a subgroup of G1 X Go. Then

(5) {(a,¢(a)) | a € K}H = Gy X Gy
if and only iof
(6) {71 (07 Na | b€ p(K), (a,b) € H} =G\

In particular if (5) holds then (K N ¢ Y oo(H)))oy(H) = Gy. Furthermore in this
case, if Gy is simple and K, o Y(oy(H)), oi(H) are proper subgroups of Gy, then
{K,o  02(H)),01(H)} is a strong multiple factorisation of G .

Proof. Suppose first that (5) holds. Then for all = in G; there exist some k € K,
a € Gy, b € Gy such that (a,b) € H and (z,1) = (k,¢(k))(a,b). Hence
k=¢ (b)) e KNy (og(H)) and z = ka = ¢ '(b~')a. Thus (6) holds, and also
(K N¢oa(H)))o1(H) = Gy. This implies that Koy(H) = ¢ ' (02(H))o1(H) = Gy,
and, by (5), Ko !(oo(H)) = G;. If G, is simple and the subgroups K, ¢ '(02(H)),
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and oy(H) are proper, then Lemma 4.3 of Baddeley and Praeger [2] yields that
{K, o ' (09(H)),01(H)} is a strong multiple factorisation of Gj.

Conversely, if (6) holds then for all g € Gy there is some (a,b) € H such that b € p(K)
and o '(b71)a = g. Then (g,1) = (¢ '(b71),b71)(a,b), and so the first coordinate
subgroup of G x G5 is contained in the left hand side of (5). If go € Gy then there
exists some g; € Gy such that ¢(g;) = g5 '. By (6) there is some (a,b) € H such that
be oK) and ¢ ' (b~")a = ¢, and so b~'p(a) = g, *, which yields ¢(a~')b = go. Then
(a7t p(a™1))(a,b) = (1, g2), so the second coordinate subgroup is also contained in the

left hand side of (5), and so (5) holds. O

The following useful lemma is well-known and is due to Goursat; see Theorem 1.6.1 in
Schmidt [9].
Lemma 2.2. Suppose that G1, Gy are groups. Let N1 and Ny be normal subgroups of
G1 and Gq, respectively, such that G1/Ny1 = Go/Ns, and let ¢ : G1/N1 — Go/Ny be an

1somorphism. Then the set

(7) H(p) =1{(91,92) | 91 € G1, g2 € Ga, (g1 N1) = g2No}

is a subdirect subgroup of Gy x Go. Moreover H : ¢ — H(p) is a bijection between the
set of 1somorphisms between quotients of G1 and Gy and the set of subdirect subgroups of

G1 XGQ.

The following lemma is useful for proving Theorems 1.2, 1.5, and 1.7.

Lemma 2.3. Let Gy,...,G} be finite groups, and suppose that for i =1,....k, N; is a
perfect subgroup of G;. Set G = G1 X -+ X Gy, and let K be a subgroup of G such that for
all iy, ip with 1 < 1y < iy <k, we have Nj, x Ni, < 043 i1 (K). Then Nyx---x N, < K.

Proof. We prove by induction on m that for all i;,... 4, such that 1 < m < k and
1<ip < -+ <ip <k, we have N;; x -+ x N;,, < 0y5,,0,3 (). Note that for m = k,
this yields the required result. By assumption this condition holds for m = 2. Suppose
that k£ > 3, and the condition holds for m—1 < k—1, and let us prove it for m. Without

.....

.....

of Ni. Then, since m > 3, the induction hypothesis applies to the projections oy 3 . m}

and o{124,..m}, and we obtain

(CL, 1, ey 1) € 0'{1,3 .... m}(K> and (b, 1, Cey 1) € 0'{1’274"“77,1}([().
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Hence there are elements ¢ € G5 and d € G5 such that

(a,c,1,...,1), (b,1,d,1,...,1) € op1,..my (K),

77777

..........

The lemma now follows by induction. 0

3. LS-FACTORISATIONS

The major results of this paper are concerned with factorisations of finite groups where
each of the factors has a quotient of prime order. To assist with our proofs we introduce
the following terminology.

Definition 3.1. Let G be a finite group. Then a set {(L1,51), (Lo, S2)} is called an
LS-factorisation of G, if Ly, Lo, S1, So are subgroups of G, and there is some prime
p such that S; < L;, |L; + S;| = p for i € {1,2}, and LiLy = L1Sy = S1Ly = G, but
5155 # G. The number p is called the index of the LS-factorisation.

For example, let G be a group isomorphic to Sp,(¢) with some even ¢ > 4, and let A
and B be non-conjugate subgroups both isomorphic to Spy(¢?)-2. Then {(A, 4’), (B, B')}

is an LS-factorisation of G with index 2; see row 5 of Table 1.

Also, if G is an almost simple group with socle T of prime index such that
G = LiLy = (LyNT)Ly = Ly(Ly N'T) for some subgroups L; and L, not contain-
ing and not contained in T, then {(Ly, Ly NT),(Lg, Lo NT)} is an LS-factorisation of
G. There are many examples of this kind; see [6]. Later in the paper we will use the two
examples and a non-example given by the following lemma.

Lemma 3.2. Let T = Spy(2) and A, B, and C be subgroups of T such that {A, B,C'}
is a strong multiple factorisation of T', and A = Go(2), B = 04 (2), C 2 Of (2). Then

ANBNC=ANB NC=AnBnNnC' =AnNB'NnC,

and |ANBNC : ANB'NC'|=2. Moreover, T = A'B’, and both {(A, A"), (C,C")} and
{(B, B"),(C,C")} are LS-factorisations of T with index 2.

Proof. Most statements of this lemma are proved by Baddeley and Praeger [2] on
pages 183-184. Here we only have to show that A’B’ = T'. This follows once we show
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that A'NB # ANB’. For if this holds then both A’'NB and AN B’ are normal subgroups
of AN B with index 2, and (A'N B)(ANB’) = AN B. Hence

|AANB:ANB|=ANB:(AnB)N(ANB)|=|(ANB)ANB): AnB|=2.
Thus |[ANB:A'NB|=4 and

_|A-1B _JAl1B] _
|A" N BY| |AN B

|A'B'| T|.

Therefore A’B' =T

So let us prove that AANB # ANB'. As AB =T, the index of AN B in A is 28.
From page 14 of the Atlas [4] we obtain AN B = X X Zg X Zs, and that AN B = X x Zg
where X is an extraspecial group of order 27. In particular A’ N B contains an element
of order 8. Now the index of AN B in B is 120, and, using the information on page 26
of the Atlas, we obtain that AN B must be contained in a maximal subgroup of B which
is isomorphic to X % 2S,, and A N B’ must be contained in a maximal subgroup of B’

which is isomorphic to X x 2A,. Since the Sylow 2-subgroup of A, is elementary abelian,
AN B has no element with order 8. Thus A’'N B # AN B'. O

Lemma 3.3. Let G be a finite group and {(L1,S1),(Ls,S2)} an LS-factorisation of G
of index p. Then L1 NSy =5 NLy =5 NS <LiNLy, |[LiNLy:S NSy =p, and
|S1SQ| = |G|/p Also Ll = (Ll N LQ)SZ fOT 1= 1, 2.

Proof. From the given factorisations we obtain
(8) Lol - [Lo| _ |La]-[S2| _ |S1] - |Lof

|L1 N Lo |L1 N Sy |S1 N Ly
Then ‘Ll N L2 . Ll N SQ’ = |L1 N L2 . Sl N LQ‘ =Pp. As G = LQSl, we obtain

Gl L2518 |Le|  |Ly
|S1.5,| |S1.5,] |(S152) N La|  [(S1 N Lg)Ss|

Recall that S is a normal subgroup of Ly, and so S;N Ly normalises Sy. Thus (S1NLy)Ss
is a subgroup of Ly containing Sy. As |Ly : So| = p, we have |Ly : (51N Ly)Ss| € {1,p}.
Then 515y # G implies that |Lg : (S; N Lg)Sa| = p and |S15:] = |G|/p. Therefore

G| 51| - | S|
9 — = |55, = ———.
( ) D ‘ 1 2| |Slﬂ52|

As |Ly : Si| = |Lg : Ss| = p the combination of (9) and (8) yields that

el

51052:L1ﬂ52:5'10L2
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is a normal subgroup of L; N Ly with index p.

For i =1, 2, the equation (L; N L9)S; = L; follows from Dedekind’s modular law. [

The following result contains the essence of Theorem 1.4.
Proposition 3.4. Suppose that for i = 1,... )k, G; is a finite group with an LS-
factorisation {(Lﬁ“,sﬁ’) , (Léi),Séi)>} of index p, and set G = Gy X -+ X Gy. For
1=1, 2, let L; = Lgl) X oo X Ll(»k), S; = Si(l) X oo X Si(k), let K; be a subgroup of G such
that S; < K; < L;, and let ¥; be an epimorphism L; — kZ, with kernel S; such that ¥y
and Wy agree on Ly N Ly. Then KiKy = G if and only if

(10) U, (Ky) + Uy (Ka) = kZ,.

Proof. As Sy < Ky and Sy < Ky, we have | K| = |Si|-|¥1(K})| and |Ky| = |Ss|-|Wa(Ks)|.
We claim that
Uy (K) N Ky) = U4 (Ky) N0y (L N K).

Since K1 NKy = K1N (L1 NK3y), we certainly have Wy (K1 NKy) < Wy (K)NW (L NKY).
Let us show that that W;(K;) N Wy(L; N Ky) < V(K N Ky). Choose an element
x € Vi(K;) NWVy(Ly N Ky). Then there are elements a € K; and b € L; N Ky such
that x = Uy(a) = ¥(b). Hence ab™! € ker ¥; = S; < K, and so b € K; N Ky, that is
x=Wy(b) € ¥ (K, N Ky). Therefore

Uy (K NKy) =V (K) Ny (L NKy) =V (Ky) N We(Ly N Ky).

Now Ky = Ko N (L15:) = (L1 N K3)Sy and Wy(Sy) = 0, and so We(Ks) = Uo(Ly N Ky).
Thus

U, (K N ) = U (K,) N W (K).
Note that S; NSy = ker ¥y |k, nk, , and so |K1N K| = |S1N S|« [V (K7)NWs(Ky)|. Hence
[Ku| - [Ka| S - [P (K1) | - [So] - [Wa (K2) |
KN Ky |S1NSo| - |¥y (Ky) N Wy (Ky) |

| K1 K| =

|1 (K1) + Wa(K5)| - |G

' ’
by Lemma 3.3. Now if (10) holds, then |K;Ks| = |kZ,| - |G|/p* = |G|, so G = K, K.
Conversely if G = K1 K5, then

= |V (K1) + Wa(Ky)| - [S15:] =

ph | KLE| _
|Gl ’
and hence (10) holds. O

W1 (K1) + Wa(Ky)| =
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4. FULL FACTORISATIONS

In this section we prove Theorems 1.2 and 1.4. We start with a small technical lemma
concerning some of the groups in Tables 1 and 2.

Lemma 4.1. (a) Let T = PQJ(2) and A be a subgroup of T isomorphic to 7§ x Az or

Z§x Ag. Then A is perfect and has a unique minimal normal subgroup isomorphic to 7.

(b) Let T = PQF(3) and let B be a subgroup of T isomorphic to ZS x PSL4(3). Then

B is perfect and has a unique minimal normal subgroup isomorphic to Z5.

Proof. (a) Suppose first that A = Z$ x A;. From the character tables for T in the Atlas
([4], page 85) we obtain that 7" has a unique conjugacy class of elements of order 7, and
the centraliser of such an element = € A is the cyclic subgroup (x). Hence x acts fixed-
point freely on Z§. Since A; is simple it follows that A; acts faithfully on Z$, and in
particular Z$ is self centralising in A. If V' is a non-trivial proper (x)-submodule of Z$,
then, as x is fix-point free, we have that 7 divides |V| —1. Hence dimV = 3. If V' were
A-invariant, then, as A; is simple, we would have that A; is isomorphic to a subgroup
of GL3(2), which is not the case, so no such submodule exists. Hence Z$ is a minimal
normal subgroup of A, and it is also a minimal normal subgroup of A when A = Z$ x Ag.

As in both cases Z$ is self-centralising, it is the unique minimal normal subgroup of A.
Thus Z§ < A, and A; < A’, andso A= A'.

(b) Using the Atlas ([4], page 140), we find that 7" has two conjugacy classes of elements
with order 13, and the centraliser of such an element z in both classes is the cyclic
subgroup (z). The proof of part (b) is now analogous to that given for part (a). O

Proof of Theorem 1.2. Recall that (T}, {0;(K1),0:;(K2)}) is a full factorisation, and hence
the subgroups o;(K1), 0;(K2) are listed in Table 1. Using Lemma 4.1, we can read off
from this table that o;(K;)" is a perfect group for all ¢ and j. In the light of Lemma 2.3
we only have to show that for all 41, iy, and j such that 1 <14y < iy < k and j € {1,2},

(11) 0, (K) % 04, (K;)" < 0y iy (K5).

We argue by contradiction and assume that K; does not satisfy (11) for some ¢; and
io. Then we may suppose without loss of generality that M = Ty x Ty = T? where T
is a finite simple group, K; and K, are such that (M, {K;, K3}) is a full factorisation,
01(K1) x 09( K1) £ Ky, and Ky = 01(K3) x 02(K>3) such that o1(K3) and 03(Ks,) are
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maximal subgroups of T} and 75, respectively. Inspection of Table 1 and Lemma 4.1
show that for i € {1,2} one of the following holds for o;(K;):

(1) 0;(Ky) is simple;

(2) o;(K4) is almost simple such that o;(K7)/ Soco;(Ky) = Zs;

(3) o;(K) is perfect and it has a unique minimal normal subgroup, which is elemen-
tary abelian, such that ¢;(K;)/Soco;(K7) is non-abelian and simple.

Lemma 2.2 implies that in all cases K; = H(yp) where ¢ is an isomorphism between two
quotients of oy(K7) and o3(K;). Combining Lemma 2.2 with the fact that (11) fails, we
obtain that one of the following holds.

(a) Both oy(K;) and o9(K;) are almost simple groups, and K; = H(y) where ¢ is
an isomorphism o(K7) — 09(K7), so K1 = 01(K;) = 0a(K;).

(b) Both o1(K7) and o09(K;) are affine groups, and, by Lemma 4.1, K; = H(p)
where ¢ is an isomorphism mapping either oy(K;) — o02(K;) or
01(K1)/Socoy (K1) — 02(K1)/ Socoy(K7).

For a prime p and finite group G, let |G|, denote the exponent of the largest p-power
dividing |G|. As K1 K, =T, x Ty, we have |K;|-|Ks|/|K1 N K| = |T|?, and hence |T|?
is a divisor of |K|-|Kjs|. Therefore for any prime p we have

(12) 2T, < [Kilp + | Kalp.

In the rest of the proof we obtain contradictions for each of the possible groups T'.

Suppose that 7' = Ag and o;(K;) = Ay for all i, j € {1,2}. Then by the
previous discussion we have K7 = A; and Ky = As x A;. However |Ki|3 + |K3|3 = 3,

while 2|T'|3 = 4, which contradicts (12).

Here o,(K;) is simple and is isomorphic to either My; or PSLy(11). Then K,
is also isomorphic to either My; or to PSLy(11), and K5 is isomorphic to one of My; x My,
My x PSLy(11), or PSLy(11)xPSLy(11). Since |T'|3 = 3, |My1]3 = 2, and |PSLy(11)|3 =1,
it follows that K; = My, and K5 = M;; x My;. Thus there are subgroups A, C' < T}
and B, D < Ty, and an isomorphism « : A — B such that K; = {(a,a(a)) | a € A}
and Ky = C x D. Since the subgroups of My, isomorphic to M;; form a single orbit
under the action of Aut(M;s) and Out(M;;) = 1, we have that « can be extended to an
isomorphism @ : Ty — T». By Lemma 2.1, this implies that {A,C,a~*(D)} is a strong
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multiple factorisation of Tj. Using the list of strong multiple factorisations [2]|, we find
that such a strong multiple factorisation does not exist, which is a contradiction.

T =PQi(q), ¢ = 3| Here 0;(K;) = Qs(q) for all 4, j € {1,2}. By the results of
Kleidman [5], the subgroups of PQy(q) isomorphic to Q7(q) form a single orbit under

Aut(PQ4 (q)), and all automorphisms of €(q) are induced by automorphisms of PQg (q).
Hence the argument for the case T'= My, K1 = Myq, and Ky = My; x My; above yields

a contradiction.

T = PQF(2) | Here 2|T'|5 = 4, while |oy(K;)|5 = 1 for all ¢ and j. Hence |Ks|5 = 2
and for all possibilities of K7, |K;|s =1, contradicting (12).

T 2 Spy(q), ¢ >4, q even| Here o0,(K;) is almost simple, and hence K; = Spy(¢?) - 2
or K; 2 Sp,(¢*) and Ky = (Spy(q?) - 2) x (Spy(q?) - 2). Then

T =q'(¢" - 1)(¢*—1), |Ki||2-¢*(¢"—1), and |Ks|=4-q¢"(¢"—1)"

If ¢ =2° then 2|T|, = 8¢, while |Ki|s + |K3|o < 6+ 3. Since ¢ > 2, this contradicts
inequality (12). O

Proof of Corollary 1.3. In lines 1-3 the corollary is an immediate consequence of The-
orem 1.2 and the fact that both A and B are non-abelian simple, and hence perfect,
groups. The same is true for line 4 unless B = S; or Sg. In this case, by the results of
Baddeley and Praeger [2], we have A’B’ =T and the corollary follows. 0

Now we turn to the proof of Theorem 1.4. For the rest of the section we make the
following assumptions. Set M = T} X - - - x T}, where the T} are isomorphic to Sp,(q) with
some even ¢ > 4. Let K; and K, be subgroups of M such that (T}, {o;(K;),0:(K2)}) is
a full factorisation and (1) holds, and set L; = Ny (K;) and S; = L} for i = 1, 2. Then
for all 7,

Si = Ul(Ki)/ X+ X O'k(Ki)/ < Kz < NT1 (Ul(Kz)) X - X NTk (Uk(Kz)) = Lz

Lemma 4.2. If Uy is an epimorphism Ly — kZs, then there exists a unique epimorphism
Uy . Ly — kZy such that Vi and ¥y agree on Ly N L.

Proof. As Li/S; is the unique quotient of L; isomorphic to kZs, ker Wy = S;. If z € Ly
then, as Ly = (Ly N Lg)Sy by Lemma 3.3, we have z = 2/2” where 2/ € Ly N Ly
and z” € Sy. Define Uy : Ly — kZs by Vs(x) = Ui(2’). We claim that U, is
well-defined. If z = 2'2” = 'y’ such that 2/, y € Ly N Ly and 2", y”’ € Sy, then
(y) ' € Ly NSy = 81 NSy, Hence (y) 'z’ € Sy, and so ¥y(z') = ¥y(y'). Thus
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Uy is well-defined, and it is straightforward to check that it is a homomorphism. As
Ly = (L1 N Ly)S; and ¥y is an epimorphism, we have Wo(Li N Ly) = V(L1 N Ly) = kZs,
and Wy is also an epimorphism. The unique quotient of Ls isomorphic to kZs is Lo/Ss,
and hence ker Wy = Sy. Now let € Ly N Ly. Then, by definition, ¥o(z) = ¥;(x). Thus
W, agrees with Wy on L N Ls.

Let us now show that if W} is another epimorphism that has the required properties,
then W), = Wy. Let # € Ly. Then, as above, we have z = 2’2" for some a’ € L1 N Ly and
" € Sy. As Wi(2") =0, we obtain U)(z) = U)(2') = ¥y(a') = Uy(z). O

Proof of Theorem 1.4. By our assumptions, {(o;(L1),0:(S1)), (0i(L2),0:(S2))} is an
LS-factorisation of T; for all i. If KiK, = M, then Proposition 3.4 implies that
Uy (Ky) + Vo(Ks) = kZy for all Uy @ Ly — kZy and ¥y @ Ly — kZo epimorphisms
which agree on L; N L,. Hence Statement 3 holds. Lemma 4.2 implies that if State-
ment 3 holds, then so does Statement 2. If Statement 2 holds for some ¥, and ¥,, then
Proposition 3.4 implies that K1 Ky = M. O

Lemma 4.2 shows that the maps ¥; and W5 can be constructed in many different ways,
but we find the maps in the following example natural.
Example 4.3. For i = 1, 2, define V; : L; — kZy by Vi(x) = (y1,...,yx) where
y; = 1 if and only if o;(x) € 0;(L;) \ 0;(S;). Then we claim that V1|r,nL, = Ya|r,nL, -
For let * = (x1,...,21) € Ly N Ly, and suppose that Vi(x) = (y1,...,yx) and
Uy(z) = (21,.--,2k). If yi = 0 for some i, then x; € 04S1). By Lemma 3.3
0i(S1) Noi(Ly) = 04(51) No;i(S2), and so x; € 0;(S1) Noi(Sy). Thus z = 0. Simi-
larly, z; = 0 tmplies that y; = 0.

5. STRONG MULTIPLE FACTORISATIONS
In this section we prove Theorems 1.7 and 1.9 and Corollary 1.8.

Proof of Theorem 1.7. Suppose that (M, {K;, Ky, K3}) is a strong multiple factorisation.
Note that for all ¢ and j, the group o;(Kj)" is perfect (see Table 2 and Lemma 4.1).
Hence using Lemma 2.3, it suffices to prove that for all 71, iy such that 1 <i; <1y <k,
we have

04y (K;) % 04, (K;) < 043y, (K;) for =1, 2, 3.
Suppose to the contrary that this is not the case. We may assume without loss of generality
that M = Ty xT, = T? where T is a finite simple group, and that o, (K;)' xoq(K;) € Ky,
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K2 = 0'1(K2) X O'Q(Kg), and K3 = Ul(Kg) X O'Q(Kg) where O'1(K2), 0'1(K3), and O'Q(Kg),
09(K3) are all maximal subgroups of 7} and 75, respectively. Inspection of Table 2 and
Lemma 4.1 show that for ¢ € {1,2} one of the following holds for o;(K):

(1) o0;(K;) is simple;
(2) 0;(Ky) is almost simple such that o;(K;)/Soco;(Ky) = Zs;
(3) o;(K) is perfect, and it has a unique minimal normal subgroup, which is elemen-

tary abelian, such that o;(K7)/Soco;(K;) is non-abelian and simple.

Lemma 2.2 implies that in all cases K7 = H () where ¢ is an isomorphism between two
quotients of o1(K7) and o9(K;). Using Lemma 2.2, we obtain that one of the following
holds.

(a) Both oy(K;) and o09(K;) are almost simple groups, and K; = H(p) where ¢ is
an isomorphism o (K;) — 02(K7).

(b) Both o1(K7) and oo(K7) are affine groups, and K; = H(y) where ¢ is an iso-
morphism either between oy (K;) and o9(K7), or between oy (K;)/ Soco1(K;) and
09(K7)/ Socoa(Ky).

As Kl(KQ N K3) = T1 X TQ, we have |K1| . |K2 N K3|/|K1 N KQ N K3| = |7ﬁ|2
Since K2K3 = T1 X TQ, we have |K2 N K3| = |K2| . |K3‘/’T|2, and so
|K1| : ’KQ’ : ’Kg’/|K1 N KQ N K3| = |T’4 Thus ’K1|p + ’KQ’p + ‘Kglp = 4|T|p for all
primes p where |- |, is defined in the proof of Theorem 1.2. In the rest of the proof we

show case by case that this scenario is not possible.
T = Spg(2) | Here 4|T|; = 4-9 = 36, while |0;(K;)|2 < 7 for all ¢ and j. Thus,
as 0;(K;) is almost simple, |Ki|s = |0;(K1)|2 < 7 and |Ks|s, |Kslo < 14, which is a

contradiction.

T 2 Spy,(2), a > 2| Here 0;(Kj;) is isomorphic to Spy,(4) - 2, OF,(2), or 0,(2), and

T =[Py (2)] = 2 (2" —1) (22— 1)+ (22— 1),
ISPya(4) 2] = 247 (¢ —1) (422 -1) - (4* = 1),
0L,(2)] = 2241 (220 — 1) (21072 — 1) (2% — 1) -+ (22— 1),
05,(2)] = 21 72a¥l (920 1) (21072 — 1) (2%t — 1) ... (22— 1).

Since all groups involved as 0;(K;) are almost simple, we have |K;|, = |o1(K;)|, for all
primes p. By Zsigmondy’s Theorem [10] (see also [7] and 2.4 of [6]), 2¢—1 has a prime di-
visor, p say, which does not divide 2/ —1 for 1 < j < 4a—1. If b = |T|,, then 4|T|, = 4b.
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If Ky 2 Sp,,(4)-2 or Ky = 04,(2) then |K;|, =b and |K5|,+|Kj3|, = 2b, which is a con-
tradiction. Hence K; = O, (2) and | K|y = 4a®>—2a+1 and |Ks|o+|K3|s = 12a® —4a+4.
As 4|T|, = 1642, this is also a contradiction.

T 2 PQI(3) | Here 4|T|5 = 8, |Ails = 1, |Asls = 1, and |A3]5 = 2, where A,
Ay and Az are as in Table 2. If Ky = H(p) where ¢ : 01(K;) — 03(K7), then
|K1l5 = |o1(Ky)]s. If Ky = H(y) where ¢ : 01(K;)/Socoy(Ky) — 09(K7)/ Socos(Ky),
then o1(K;) = 09(K;) =2 Z§ x PSL4(3) and | Soc oy (K)|s = |Socoa(Ki)|s = 0, so again
|K1|s = |o1(K1)|s. So |Ki|s = |o1(K1)|s always holds, and |Ki|s < 2. If |K|5 = 2 then
|Ks|5 = | K3l = 2, and so |K|5+|K2|s+|K3|5 = 6, which is a contradiction. If |K;|5 =1
then |Ks|s + |K3ls = 6, and so | K5+ |Ka|s + | K3]5 = 7, which is also a contradiction. O

Proof of Corollary 1.8. Tf T = PQg(3) then the statement of the corollary is an imme-
diate consequence of Theorem 1.7, because the projections o;(K7), 0;(Ks), 0;(K3) are
perfect groups for all 7. Thus we may assume that M = TF = T} x --- x T}, where
T = Sp,,(2), and {K, K», K3} is a strong multiple factorisation of M. It is sufficient to
prove that K7 = 01(K7) X - -+ X 0,(K7). Assume without loss of generality that K, and
K3 are direct products of their projections, and these projections are maximal subgroups
of the T;. Let K; = Ny (K;). By Theorem 1.7, 0,(K;) x --- x o(K;) < K, and
so K; = Np, (01(K;)) X --+ x Np, (0x(K})). In particular K is a direct product of its
projections, and they are maximal subgroups of the T;. Then K;(K, N K3) = M, and

hence _
|| - [ K5 N K|

| K1 N Ky N K

= |M|.
Note that
K1 N Ky N Ky = (01(K1) Nor(Ky) Noi(Ky)) x - x (03,(K:1) Nog(Ka) Noy(K3)),
and it is proved by Baddeley and Praeger [2] on pages 181-182 that
oi(Ky) Noi(Ksy) Noy(K3) = 0(Ky) Noy(Ky) Noi(K3)
for all 7, and therefore
(o1(K1) Noy(K2) Noy(K3)) X -+ X (0p( K1) Nop(K2) Nog(K3))
= (01(K1) No1(K:) Noi(K3)) x - x (op(K1) N oK) Noy(Ks)'),

which forces K1 N Ky N K3 = K1 N Ky N K3. Since Ki(Ky N K3) = M, we have
| K| - | Ky N K3
|K1 N Ky N K3l

= |M],
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which implies that |K;| = |K;|, and hence K; = K. O

Now we turn to the proof of Theorem 1.9. In the remainder of this section we make the
following assumptions: M = Ty X -+ x T, 2 T* where T = Spy(2); K, Ky, K3 < M
such that (T}, {0;(K1),0:(K3),0;(K3)}) is a strong multiple factorisation for i = 1,... k;
and K contains Hle 0i(K;) for j =1, 2, 3. Set Sj = Kj and L; = Ny, (Kj). It follows
from Table 2 that S; = L; = Kj, and L;/S; is the unique quotient of L; isomorphic to
kZ, .

First we show that the epimorphisms ¥, and W3 in Theorem 1.9 are uniquely deter-
mined by V;.

Lemma 5.1. If Uy is an epimorphism Li — kZs, then there are unique epimorphisms
Wy : Ly — kZo and V3 : Ly — kZo such that Uy, Wy, and V3 agree on Ly N Ly N Ls.

Proof. As L,/S; is the unique quotient of L; isomorphic to kZ,, we have ker ¥; = S;.
Let x € Ly and using the equation Ly = (L1 N Ly N L3)Sy, write z = z'z” for
some ' € Ly N Ly N Ly and 2”7 € Sy. Then define Vo(x) = Wy(z'). First we
show that Wy is well-defined. Let x = 2'z2” = ¢'y" with 2/, v € L1 N Ly N Lz and
2, y" € Sy. Then (y)7'2/ = ¢'(@")' € LiNnSyNLy = S;NSNS; < 5,
and so WUy(2) = Wy(y). Thus ¥y is well-defined, and it is not hard to
check that it is a homomorphism. Since Ly = (L1 N Ly N L3)S;, we have
Wy(Ly) = Wo(Ly N Lo N L) = Wy(Ly N Ly N L) = Wy(Ly) = kZy, and ¥y is an epi-
morphism. An epimorphism W3 can be defined in a similar manner, and ker ¥; = S; for
i =1, 2. Finally if x € Ly N Ly N L3, then by definition ¥;(x) = Wy(z) = V3(z). Thus
the maps Wy and W3 have the required properties.

Let W, : Ly — kZy and VY : Ly — kZ, also have these properties. Let x € Ly and
write z = 2’2" for some 2’ € Ly N Ly N Ly and z” € Sy. Then, since V), has kernel Sy
and agrees with Wy on Ly N Ly N Ly, Uy(x) = Wh(a2') = ¥y (2) = Uy(x). Thus ¥y = V.
The equality W3 = ¥} can be shown similarly. O

Next we show that the abelian factorisations in equation (4) of Theorem 1.9 are sufficient
for the factorisations M = K;K; to hold for different ¢ and j.

Lemma 5.2. If Statement 2 of Theorem 1.9 holds, then K;K; = M for all different i
and j.
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Proof. Suppose that Statement 2 in Theorem 1.9 holds for some maps ¥, Uy, U3. With-
out loss of generality, it suffices to show that K1 Ky = M. Let I be the subset of {1,...,k}
such that 7 € I if and only if Np (0;(K3)) = Of(2). Then, as o;(K;)'0i(Ks) = T; for
all i € I (see Lemma 3.2), we obtain [[,.,T; < K1 K,. Now let J = {1,...,k} \ I,
and let ¢; denote the projection map oy : M — [[,.;Ti. Then it suffices to prove that
o7(K1)o (Ky) = oy(M). Without loss of generality assume that J = {1,..., '} for some
k' < k. For a subgroup X < M such that X =[]\, 0:(X) and a subset Z C {1,...,k}
we write X7 = [[,.; 0:(X). Using this notation, we have L; = L] x L{ and S; = S/ x S}
for i =1, 2, 3. For i =1, 2, 3, let the maps ¥/ : L — kZy and V! : LI — kZ, be
defined as the restriction of ¥; to Ly and L!, respectively. We prove that the maps ¥{
and Wy satisfy the conditions of Proposition 3.4. The same proposition will then imply

that CTJ(Kl)O'J(KQ) = O'J(M).

For all 7,
kZo = W,(L;) =V, (L]L) =¥/ (L)) + ! (L]).

Now ker U/ = S/ and ker W/ = SI. Moreover |L/ : S/| =2¥ and |L!: S!| = 2% and
so we must have kZ, = U/ (L) ® V! (L) and V/(L]) = kK'Z,.

Recall that the epimorphisms W; and W, agree on L; N Ly N Ls. However, as
0;(S1) Noj(S2) = 0;(S1) Noj(Le) for all j € J (see Lemmas 3.2 and 3.3), we obtain

Ly(S{ N S)) = Ly(S{ N Ly) = M,

which yields L7 N Ly = (L{ N L§ N L{)(S{ N Sy). Note that Sy NSy = ker U Nker U,
and so ¥/ and ¥y must agree on L{ N Ly = (L; N Ly)”.

Now L; = (L N L9)S; for all ¢ € {1,2}. Therefore for the same i we have
L] = (Li N Ly)’S]. As ker ¥/ = S/, we have U/ (L]) = W/ ((LiNLy)’). As
\If{\(LmL2)J = \IJ‘QI\(LIQM)J, this implies that U{(L{) = WJ(Ly).

Thus ¥/ and ¥y are epimorphisms onto the same group W{(L{) = WJ(LJ) = k'Z,
such that W{|,snrg = W5|rsnrg. Moreover, {(o;(L1),0;(S1)), (0(L2),0;(S2))} is an LS-
factorisation of T} for all j € J. Hence, by Proposition 3.4, o;(K)o;(Ky) = M’
provided that

(13) W (0,(K)) + W (0,(K2) = W (L]) = K.
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It remains to prove therefore that (13) holds. Now kZ, = Uy (K;) + Wo(K,) and, as
K; < o;(K;) x L, it follows that

(14) kZy = Ui (04(E1)) + 3 (05 (K2)) + U1 (L7) + T3(Ly).
We claim that WI(L1) = WL(LL). For let # € Wi(LI); then there is some y € L such
that x = Wi(y). As LI = (LINLIN LL)ST, we have y = y'y” for some 3/ € LINLIN L1
and y” € S, and, as " € ker U1,
Wi(y) = Wi(y) € U1(Ly N Ly N Ly) = U5(Ly N Ly N Lz) < Ua(Ly).

Thus Wi(LI) < Wi(LL). Similar argument shows that WI(L1) < WI(LI), and so
V(L) = WI(LL). Hence (14) can be written as

kZy = Wi (05 (K1)) + U3 (05 (K2)) + Wi(Ly).
Since kZy = W/ (L{) @ WI(L!) for i =1, 2, and V{(L{) = ¥y(Ly), it follows that

K7y =T/ (L]) = U (0,(K1)) + U3 (0, (K>)),

as required. 0

Now we are ready to prove Theorem 1.9.

Proof of Theorem 1.9. By Lemma 5.1, Statement 3 implies Statement 2. In the following
we show that Statement 2 implies Statement 1, and Statement 1 implies Statement 3.

Let U, : L; — kZs be an epimorphism for ¢ = 1, 2, 3, such that the W, agree
on Ly N Ly N Ly. Then, as already noted, ker ¥, = S; for all ¢. Since 5; < K;
|K;| = |Si] - |Wi(K;)| for all i. Before assuming that Statement 1, 2 or 3 holds, we
obtain an expression for the order of K7 N KN K3 involving the ¥;. First we claim that

\Ijl(Kl N K2 N Kg) = \Ifl(Kl) N \Ijl(Ll N Kg N Kg)

Indeed, V(K1 N Ky N K3) = Uy (KN (LN Ky N K3)) < U (K) Ny (LN KN Ks).
So we only have to prove that ¥;(K;) N V(L N Ky N K3) < V(K N KyN Kg). Let
x € Vi (Ky) NV (Ly N KyN K3). Then z = Uy(a) = Py(b) for some a € K; and
be LiNnKyNK;z. Then ab™! € ker ¥, = S; < K;, andso b € K; N Ky N Ks. Thus
x=W(b) € ¥ (KN Ky N K3). Similar argument yields that

\IJQ(Ll N K2 N Kg) - ‘IJQ(KQ) N ‘IIQ(Ll N L2 N Kg)



20 CHERYL E. PRAEGER AND CSABA SCHNEIDER
Thus our assumptions on the ¥; imply that
\I’1<K1 ﬂ KQ ﬂ Kg) — ‘Ijl(Kl) ﬂ \Ijl(Ll ﬂ K2 ﬂ Kg) — \Ill(Kl) ﬂ \IJ2<L1 ﬁ K2 ﬂ Kg)
== ‘Ijl(Kl) ﬁ \IJQ(KQ) ﬂ \IIQ<L1 ﬁ L2 ﬂ Kg) == \Dl(Kl) ﬂ \I/2<K2) ﬂ \Ilg(Ll ﬂ LQ ﬂ Kg)

Clearly, W3(Ly N Ly N K3) < W3(K3). On the other hand, as (L; N Ly)S3 = M, we
have K3 = (L N Ly N K3)S3. Thus W3(K3) < U3(Ly N Ly N K3), and consequently
\113(K3> = ‘1/3(.[/1 N L2 N Kg) Hence

Uy (KGN KyNK3) =Y (Ky) N W (Ky) NUs(Ks).
Note that S; NSy NSy = ker Uy |k, nrynks , and so
K1 N KyN Ks| = |S1 NSy N Ss| - [Py (K1) Ny (K) NP3 (K3) |
Now let ¢, j, and m be indices such that {i,j,m} = {1,2,3}. Then

K-S0 K| K] [ S
KN KN K| K K| - K NKG 0 Ky
1S (BG) [ S5 15 (BG) |- Sl - [P () |
K Ko - 155 085 0 S| - W5 (KG) N W5 (K5) O W (Koy) |

Also by Lemma 3.2,

1Sl - 1551 - 1Sm| _ Lal L] Ll 2k
1S: NS; N Sl 2k 2k 2k |L, N LjN Ly
R AR 7 R P 2 e e A

C|LinL| |LinLjN Ly 2%k 2%

and hence
(M2 W) - [P (EG)] - W (Fn)|
2% K K| | W3(FG) N5 (KG) N, (K|

(15) | K (K 0 Ko )| =

If Statement 2 of Theorem 1.9 holds for the ¥;, then
e [ US| 195 (KG) N W () | W () |- 95 (FG) |- [ W () |
Wi (K3) N5 (KG) N Wy (K | 28 W5 (BG) N5 (KG) N W, (Ko |

and, by Lemma 5.2, K;K,, = M. Then (15) implies that

| M|
22k . | M|
Thus K;(K; N K,,) = M. As i, j, and m were chosen arbitrarily, Statement 2 implies
that Statement 1 holds.

2

|Ki(K; N K,,)| = 2% = |M|.
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Conversely, suppose that Statement 1 holds. Then using (15), we get
Wi (K| - 15 ()] [ W (Kon)| - [ (5G) 005 (K)|

1) B A0, (K )| T8 (K) 1K) (Ko
_ U)W ()] - W (B[ G 0 Ko [ - 227 - [BG o] o
[0,(Ky) N0y (K) 0 By (Ko MP ‘
Note that
(W3 (KG)] - [95(K5)| |Uo (K| - W5 (FG) N 5K
)T S0 ™ ) ) AT (K] S

Hence equality in (16) is only possible when

Wi (5G) N W5 (5G| - [ W (Bo) | ok
|, (KG) N5 (KG) N W, (K| ’

that is (U;(K;) NV,(K;)) + V. (Kn) = kZy. Thus Statement 1 implies Statement 3. O

Note that Lemma 5.1 implies that one can construct many sets {W;, Wy, U3} of maps
with the required properties, but a set of natural ones can be constructed as in Exam-
ple 4.3.

6. THE PROOF OF THEOREM 1.5

In this section we prove Theorem 1.5. Before we start we introduce a piece
of notation. Let Gy,...,Gg,Hy,...,H, be groups, and for ¢+ = 1,...,k let
v, : G; — H; be a homomorphism. Then we define the homomorphism
(1 X -+ xy) Gy X -+ X G — Hy X -+ X Hy as

(V1 X - X U) (g5 -5 98) = (U1(g1)s - -5 Yilgr))
for all g, € Gy,...,gr € Gi.

Proof of Theorem 1.5. (a) Suppose that DK = M. First we prove that the ordered pair
(T, {0:(K), 0; (041 (K))}) is a full factorisation for all 4 € {1,...,k}. By the assump-
tions of the theorem, we have oy ;11 (D)oy k) () = T; X Ti4p. Then by Lemma 2.1,
{os(K),¢; '(0s1(K))} is a factorisation of T;. As the subgroups of this factorisation are
isomorphic, we have that it is a full factorisation.

Let us now prove that o1(K) X -+ X 09t (K) < K holds. Inspection of Table 1 shows
that o;(K)" is perfect for all ¢, and so, by Lemma 2.3, it suffices to show that for all i, iy
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such that 1 < iy <19 < 2k,
(17) 03, (K)' % 04, (K) < 03y iy (K).

Suppose that this is not the case, and choose iy, is such that (17) does not hold. Then,
as 0;,(K) and 0;,(K) are almost simple, we have o, ;,3(K) = 0, (K) = 04,(K).
Note that if oy, 4,)(D) = Ti, then |og, 3 (D) - |og.m(K) < |Ti?, and so
Ofir,io}(D)ogiy iy (K) # T, x T;,. Thus we may assume without loss of generality that
0firi} (D) =T;, x T;,, and iy # 1y + k. According to part (a) and Lemma 2.1,

(Th x -+ % Tk7{0{1 ..... k}(K)7 (1 X -+o X SOk)_l(U{kH ..... 2/<;}(K))})
is a full factorisation, and hence, by Theorem 1.2,
o1 (K) % xop(K) <op, g (K) and  opp1(K) X -+ X 09, (K) < 0gpya,... 203 (K.

Thus i3 € {1,...,k}, is € {k+1,...,2k}, and iy # i; + k. Now

Ofirsin,in+hia—k} (D) = { (a1, as, 901'1(@1),90;21(@2)) | ay €Ty, a2 €T3, }
= {((a1, a2), (¢s, X ©;,')(a1,02)) | a1 € Ty, az € Ty, },
and
O (i insis+hsin—k} (D)0 {iy g i +hsin—ky () = Ty X Ty X Ty g X Ty
Hence, by Lemma 2.1, oy, 4,3 (K) (05" X 9i)(0gir+hin—iy (K))) = Tp, x T;,. Since the
projections of oy, ;,3(K) and (;," X ©i,)(0 (i, 4ki,—4} (K)) are isomorphic,

(TZ X Ti27 {U{i17i2}<K)v (90;11 X 902'2)<0-{i1+/€7i2—k} (K))})
is a full factorisation, but oy, ;,3(K) does not satisfy (1) in Theorem 1.2. This is a

contradiction, and hence o1(K)" X -+ x o9 (K) < K.

(b) This statement easily follows from the fact that if T, A and B are as in one of the
rows 1-4 in Table 1 such that A = B, then A and B are simple groups.

(c) Suppose that DK = M. Set L = Nj; (K) and S = L'. Note that L = (Spy(q?)-2)%**
and S = Spy(¢?)*. Then L = (DK)NL = (LN D)K. Hence for all epimorphisms
V. L — 2kZs we have

2%Zy = V(L) = U((LN D)K) = (LN D) + ¥(K).

Thus Statement 1 implies Statement 3.
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Suppose now that W(LND)+V(K) = 2kZs holds for some epimorphism ¥ : L — 2kZ,.
Then ker U = S, and hence |K| = |S| - |¥(K)|. We claim that

U(KND)=V(K)NV(LND).

Indeed, U(K N D) = W(K N LN D) < W(K)NU(LND). Let + € U(K)N¥(LND).
Then there is some a € K and d € LN D such that * = ¥(a) = ¥(d), and so
ad' € S < K. Since a € K, this implies that d € K, and hence d € K N D.
That is © = U(d) € V(K N D).
Therefore
V(K ND)|=|V(K)NnY(LND)|,

and hence |[KND|=|SND|-|V(K)NW¥(LND)|. Thus

[K]- D] _ [S]- W (K£)] - D]

|IKND| |SND|-|¥(K)NY(LND)|
As U(K) 4+ V¥ (LN D) = 2kZ,, we have

(W[ [WLND)] o

U(K) N U(LN D),
As ker U|np = SN D, we obtain ¥(L N D)= 2% and so
L

|U(K)NY(LND)|

Then
|K|-|D] _ 2~-15]-|D]
|K N D SN D|

Let
S=01(L) %X 0op(L) X 0341(S) X -+ x 09(S).
Then |S] =2*-S], and

SND={(ay,...,ar,¢1(a1),...,01(ar)) | a; € 0:(S) N ;i (0i41(9))}
= {(a1,...,ap, 01(ar), ..., orlar)) | a; € 03(S) Ny H(0i4k(S))} = SN D.

Moreover for all ¢ € {1,...,k}, Lemma 2.1 implies that oy; 41y (D)0 i48)(S) = Ti X Tippe,
and so SD = M. Hence

|K|-[D] _2*-|S|-|D] _ [S|-|D| _

|K N D| |SND| SN D S0 = 1M]
and therefore KD = M. Thus Statement 2 implies Statement 1.
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Finally, the fact that Statement 3 implies Statement 2 follows from the fact that
L/S = 2kZ,. O

8]

[9]
[10]
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