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Cartesian decompositions of sets
2 is a finite set.

Cartesian decomposition of €2:

{(Q’La O‘i)}e:]_ — {(Qla Oé]_), sy (Q@ C\{g)}
where 2; sefs and «; : 2 — €2;, such that

w = (a1(w), ..., ap(w))

is a bijection 2 — Q21 x -+ x Q.

(2, ai)}‘?:l is equivalent to { (€27, ag)}‘?zl ifthereist € Syand §; : Q; — U
pijections such that

air(w) = Bi(a;(w)) forall i, w.



Cartesian decompositions and partitions

Let {(€2;, ;) } be a Cartesian decomposition of Q2. For all i set

M ={{w e Q|a(w) =&} € € Q).

[, is a partition of €2 for all . Moreover

|’}/1ﬂ---ﬂ’y€| = 1fOI’O||’)/1 c rl,...,’)/gE rg.
Define
B; » §2 — [, ﬂZ(W) = v, Wherew € ~;, € ;.

Then {(I";, 3;)} is a Cartesian decomposition of 2 equivalent to {(£2;, a;) }.

Lemma {(£2;,«;)} and {(A4;,d;)} are equivalent if and only if they induce
the same {(I;, 6;) }.



Cartesian decompositions and group actions

Let {(€2;, ;) } be a Cartesian decomposition of 2 and g € Sym Q2. Define
—1
of (w) = a;(w9 ).

Then {(€2;, oY)} is a Cartesian decomposition of 2.
g is said fo preserve {(£2;, a;) } if {(£2;, )} is equivalent to {(€2;, a;) }.

If ; and I, are the partitions corresponding to «;, of then I, = Y. Hence g
permutes {I";}.

From now on G < Sym 2 and {I";} is a G-invariant set of partitions, such that

vy NNy =1forallyy €Mq,...,v € [y,



Objectives and Motivation

Objectives:

e Find a theory of invariant Cartesian decompositions;

e Describe invariant Cartesian decompositions in interesting cases.

Motivation:

e Duality with primifive/imprimitive theory:;

e Many groups preserve Cartesian decompositions (e.g. product action);

e Quasiprimitive/primitive inclusion problem (X,PA) case.



Cartesian decompositions and subgroups

Let M < Sym 2 fransitive and {I";} is an M-invariant Cartesian decomposi-
fion of €2, such that M -1y = M.

Fix w € 2 and set
K; =My, where we~ el
Then

(K; = M, and KZ-(ﬂ Kj) = M. (M
i YE=T

Conversely if { K;} is a set of subgroups with (1) then {I";} is a Cartesian de-
composition of €2 where [; is the system of imprimitivity for K;. Moreover,
Mrp =M

{K;} with (1) is called a Cartesian system of subbgroups for M.



Embedding Cartesian systems into larger groups

Let G < Sym 2 and M < G such that M is fransitive and M¢r.yy = M. Lef
{K;} be the corresponding Cartesian system in M.

Theorem {I";} is G-invariant if and only if { K;} is G,-invariant. The G,-actions
on {K;} and {I";} are equivalent.

Gw-invariant Cartesian systems for M

)

G-invariant Cartesian decompositions for €2



Groups with a transitive minimal normal subgroup

Let M be a minimal normal subgroup of G, which is transitive and non-
abelian.

Then M =Ty x --- xTp with Ty = --- = T, = T a finite simple group and
{T1,...,1} 1s a G-seft.

Theorem M1y = M. (SO we can starf looking for G-invariant Cartesian
systems for M.)

Problem: For a fixed w find G -invariant { K;} such that

(K; = M, and KZ-(ﬂ Kj> = M.
( el

This class of groups involves primitive groups, quasiprimitfive groups, innately
transitive groups with non-abelian socle.



Normal Decompositions

M = \T...T7|\|\T...T| ... |T...T
Ky = Moo T---T --- T---T
Ko = T--T Moag --- T---T
Kk = T---T T--T - [Mo
M, = Mwﬂ: Mwﬂ: Mwﬁ:

T ---T|is a G-invariant partition of {Ty,...,T3}.

Normal decompositions

)

G-invariant partitions of {1y, ..., T3} with
Mw: MwﬂD X MwﬁD X - X MwﬁD



Transitive decompositions

Not every decomposition is normal. Let G = PGL»(9) and consider the tran-
sitive GG-action with degree 36. Then Soc G = Ag is fransitive. By previous
result (Soc G)({,—i}) = Soc G.

There are K1, K> < Soc G conjugate under G, such that
KinN Ky = (Soc G), and K1 K> = Soc G,
therefore
[Soc G : K1 N K»] = [Soc G : K1] x [Soc G : K5]

and G preserves this Cartesian decompaosition.

Objective: To understand fransitive decompositions for groups with a transi-
tive minimal normal subgroup.
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Transitive decompositions

Let o, be the i-th co-ordinate projection

ai:(Mlex---ka)eTi.

Applying o; we obtain

o;(Kn) ( M ai(Km)) = T, for all ;.
m#£n

Using results about factorisations of finite simple groups (Baddeley & Praeger)
we have

Theorem For all s there are at most three j such that o;,(K;) # T;.
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Four cases to look at

o;(K;) # T for three j (friple factorisations — DONE);

o;(K;) # T for two j (double factorisations - HARD);

o;(K;) # T for one j (normail);

oi(K;) # T for zero j (normal, though not obvious).
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Transitive systems with triple factorisations

Suppose that j41, jo. j3 are different and

Then
A(BNC)=B(ANnC)=C(BnA)=T.

By Baddeley & Praeger, possibilities for T, A, B, C: G-invariant partitions

4 A
{T1,....Tuy = U (Tj | oj(Ky) = B
i=1 C
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Finite simple groups with a triple factorisation

Source: Baddeley and Praeger

T A B C
PSpaq(2), a =2 |Spy,(4).2|0,,(2) | 05.(2)
Spe(2) Go(2) | 0g(2) | 0F(2)
Sps(2) G2(2)' | 0g(2) | O (2)
Spe(2) Go(2) | 0g(2) | 0F(2)
Spe(2) G2(2) | 0g(2) | OF (2)
PQT (3) N Pe | PQT(2)
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Transitive systems with triple factorisations
In all cases

K; > o1(K) x - x op(K;)'.

When T 2= Spg(2):
Ki=AX -+ XAXBX--+-xBxCx---xCxTx---xT.

When T = Spg(2):
Lo+ +Zo+---+Zop+---+ 7>

K, Z2A'x - . xAxB x-- - xB'xC'x---xC'xT'x---xT.

Sufficient and necessary condition for z.+---+ 2 :

Zo+ + 2o + 2+ (224 + 220 + 29| =174
X i X

J
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Transitive decompositions with double factorisations

Here for all < there are only two j such that o;(K;) 7 T. For such j1, jo

Ui(Kj1)7 Ji(KjQ) # T, suchthat AB =T
A B

G-invariant partitions (when A 2 B):;

l

{T1,.... T} = UATj10;(K;) = A}
i=1

‘
= U Tl 04(K;) = B}
i=1

Fully describing such decompositions is more difficult than finding all factori-
safions of finite simple groups.
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Transitive decompositions with diagonal subgroups

Suppose that there is only one j such that o;(K;) # T;. Then K; involves a
diagonal subgroup.

M = ||TT TT TT]| - 7T 77T 7T
K, = TT ---TT TT ---TT TT ---TT
Ky, = TT ---TT T --- | TT TT---TT
g = AT TT TT ---TT TT TT
K; = TA™ ---TT T .---1T7T T . ---1TT
K, = TT ---TT TT ---TT T --- | TT

G-invariant partitions:

(Ty,...

T|U---U|TT|=| |U---U

=

—
[
~

14
= (J{Tioi(K)) = 4}
j=1
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Transitive decompositions with diagonal subgroups

We have AA™ = T'. Possibilities for A and T (Baddeley & Praeger):

T A
Ac Ac
Mo Mi1
PRI (q), >3 Q7(q)
PO (2) PSpe(2)
PSpa(q), ¢ > 4 even | Spy(g?).2
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Transitive decompositions with diagonal subgroups

Note: A is almost simple. Moreover

K;>2TT x---x|TT xA x---

When A is simple:;

K,=TT x---x[T'"T x A X

When A is not simple:

Lin X -« -
"'XA/

K,=TT x---x TTx A x

Sufficient and necessary condition for Zo x - - -

oo X A X

XZQ

X Al x T x --.

T x ...

XTI X ---

XZQ.

X T.

X T

X T

19



