
 

1Abstract – An extension of the pairwise comparison matrix 
is  considered  when  some  comparisons  are  missing.  A 
generalization of the eigenvector method for the incomplete 
case is introduced and discussed as well as the Logarithmic 
Least  Squares Method.  The uniqueness  problem regarding 
both  weighting  methods  is  studied  through  the  graph 
representation of pairwise comparison matrices. It is shown 
that the optimal completion/solution is unique if and only if 
the  graph  associated  with  the  incomplete  pairwise 
comparison matrix is connected.  An algorithm is proposed 
for solving the eigenvalue minimization problem related to 
the  generalization  of  the  eigenvector  method  in  the 
incomplete  case.  Numerical  examples  are  presented  for 
illustration of the methods discussed in the paper.

Keywords – Multi-attribute decision making, incomplete 
pairwise comparison matrix, eigenvalue optimization

I.  INTRODUCTION

In  multi-attribute  decision  models,  weighting  the 
criteria and evaluating the alternatives with respect to the 
criteria are of the most important steps. In the paper, the 
method of pairwise comparison matrices [11] is discussed 
and  generalized  for  the  incomplete  case.  For  simplicity, 
assume that the objects to compare are the importances of 
n criteria  (the  method  is  the  same  when  comparing 
alternatives  to  each  other  or  voting  powers  of  the 
individuals  in  group  decision  making).  A  (complete) 
pairwise comparison matrix  A = [aij]i,j=1,…,n is a matrix of 
size n×n with the properties as follows:

aij  >  0;                                  (1)
aii  =  1;                                  (2)
aij  = 1/aji,                                                                                                                                                             (3)  

for  i,j=1,…,n, where  aij is the numerical answer given by 
the  decision  maker  for  the  question  “How many  times 
Criterion  i is  more  important  than  Criterion  j?”  The 
weighting  problem is  to  find  the  n-dimensional  positive 
weight vector w = (w1,w2,…,wn)T such that the appropriate 
ratios  of  the  components  of   w reflect,  or,  at  least, 
approximate  all  the  aij values  (i,j=1,…,n),  given  by  the 
decision maker. Eigenvector Method [11] and Logarithmic 
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Least Squares Method [4,3] are two well-known and often 
cited weighting methods. 

In the Analytic Hierarchy Process (AHP) [11] Eigenvector 
Method  is  applied  and  the  approximation  wEM of  w is 
defined by

A wEM  = λ max wEM,
where λ max denotes the maximal eigenvalue, also known as 
Perron  eigenvalue,  of  A  and  
wEM =  (w1

EM,  w2
EM,…,wn

EM)T denotes  the  right-hand  side 
eigenvector  of  A corresponding  to  λ max.  By  Perron's 
theorem,  wEM is  positive  and  unique  up  to   a  scalar 
multiplication [10]. The most often used normalization is 
Σwi

EM = 1.  

A pairwise comparison matrix in is called consistent if the 
transitivity  aij ajk  =  aik holds  for  all  indices  i,j=1,…,n. 
Otherwise, the matrix is  inconsistent. However, there are 
different  levels  of  inconsistency,  some  of  which  are 
acceptable in solving real decision problems, some are not. 
Saaty [11] defined the inconsistency ratio CR as a positive 
linear transformation of λmax. It is well known that CR = 0 
if and only if the matrix is consistent. According to Saaty, 
larger value of  CR indicates higher level of inconsistency 
and the 10 percent rule (CR ≤  0.10) separates acceptable 
matrices from unacceptable ones. 

The  Logarithmic  Least  Squares  Method  (LLSM)  gives 
wLLSM as the optimal solution of:

min Σi,j=1,…,n [log(aij wj / wi)]2

                              Σ i=1,…,n wi = 1,                                   (4) 
                   wi > 0,  i=1,…,n.

The optimization problem (4) is known to be solvable, and 
has  a  unique  optimal  solution,  which  can  be  explicitly 
computed by taking the geometric means of rows' elements 
[4,3].

Incomplete  pairwise  comparison  matrix  was  defined  by 
Harker [5]. It is of the same form as (1)–(3) but one ore 
more elements, denoted here by *, are not given:
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1 a12 * . . a1n

1/a12 1 a23 . . *

A = * 1/ a23 1 . . a3n

: : : :

1/ a1n * 1/ a3n . . 1

Variables  x1,x2,…,xd (xi > 0, i=1,…,d) are introduced for 
the  missing  elements  in  the  upper  triangular  part  of  A. 
Their  reciprocals,  1/x1,  1/x2,  …,  1/xd are  written  in  the 
lower  triangular  part  of  A.  Let  x denote  the  vector  
(x1, x2 ,…, xd).  A(x)  is  a  complete  pairwise  comparison 
matrix for any values of  x.  The total number of missing 
elements in matrix A is 2d.

1 a12 x1 . . a1n

1/a12 1 a23 . . xd

A(x) = A(x1, x2 ,…, xd) = 1/x1 1/a23 1 . . a3n

: : : :

1/a1n 1/xd 1/a3n . . 1

 
The aim of the talk is to solve the incomplete versions of 
the Eigenvector Method and the Logarithmic Least Squares 
Method. 

Based  on  the  correspondence  between  the  CR 
inconsistency and λ max of a pairwise comparison matrix, 
the  generalization  of  the  Eigenvector  Method  for  the 
incomplete case [2,12,13] is  originated from the optimal 
solution  of  the  eigenvalue  minimization  problem  as 
follows:

                          min { λ max (A(x)) | x > 0 }.                   (5) 

The  Logarithmic  Least  Squares  Method  for  incomplete 
pairwise comparison matrices [7,14,8] is as follows:

min Σ e(i,j) є E [log(aij wj /wi)]2

                              Σ i=1,…,n wi = 1,                                   (6) 
                   wi > 0,  i=1,…,n.

II.  METHODOLOGY

Graph representation

Assume that the decision maker is asked to compare the 
relative importance of  n criteria and s/he is filling in the 
pairwise comparison matrix. In each comparison, a direct 

relation  is  defined  between  two  criteria,  namely,  the 
estimated ratio of their weights. However, two criteria, not 
compared yet, consequently, having no direct relation, can 
be in indirect relation, through further criteria and direct 
relations. It is a natural idea to associate graph structures to 
(in)complete pairwise comparison matrices.

Given an (in)complete pairwise comparison matrix  A of 
size  n×n,  graphs  G is  defined  as  follows:  G :=  (V,E), 
where  V ={1,  2,  …,  n},  the  vertices  correspond  to  the 
objects  to  compare  and  E =  {  e(i,j) | aij  and  aji is 
given and i ≠ j }, the undirected edges correspond             to 
the matrix elements. There are no edges corresponding to 
the  missing  elements  in  the  matrix.  G is  an  undirected 
graph.

Example. Let C be a 5×5 incomplete pairwise comparison 
matrix as follows:

1 2 * * 8

1/2 1 3 6 7

C = * 1/3 1 4 * (7)

 * 1/6 1/4 1 5

1/8 1/7 * 1/5 1

Graph associated with matrix C is drawn in Fig. 1.

Fig.1. Graph associated with incomplete 
pairwise comparison matrix C



III.  RESULTS

Theorem 1 [1]:  The optimal solution of  the problem (5) is 
unique  if  and  only  if  the  graph  corresponding  to  the 
incomplete pairwise comparison matrix is connected. 

Sketch  of  the  proof: necessity  is  based  on  elementary 
linear algebra, sufficiency is more complex. By using the 
exponential  parameterization  xi  = e 

y
i and  the  notation  

B(y)  =  B(y1,…,yd)  =  A(x1,…,xd)  =  A(x),  it  follows  from 
Kingman’s Theorem that λmax(B(y)) is a logconvex (hence 
convex) function of y. The next important step in the proof 
is that λ  max(B(y)) is either strictly convex or constant along 
any line in the y space. Strict convexity in the case of the 
graph  corresponding  to  the  incomplete  pairwise 
comparison  matrix  is  connected  comes  from  the  lower 
bounds of  λ max(A(x)) expressed by the components of  x 
and by the known entries of the incomplete matrix. It can 
be shown that if the minimum point of (5) is not unique 
then the graph is not connected. 
By the next theorem, one may get a detailed view on the 
structure of the optimal set in the non-connected case 

Theorem  2  [1]:  The  function  λ  max(B(y))  attains  its 
minimum  and  the  optimal  solutions  constitute  an  
(s–1)-dimensional affine set, where s is the number of the 
connected components in the graph corresponding to the 
incomplete pairwise comparison matrix.

Remark. The Perron eigenvalue of a pairwise comparison
matrix is a non-convex function of its elements. Let D be a 
3×3 pairwise comparison matrix of variable x as follows:

1 4 x

D = 1/4 1 2

 1/x 1/2 1

The non-convex function x → λ max(D(x)) is plotted in Fig. 
2.  However, by using the exponential  scaling  x =  et,  the 
function  t →  λ max(D(et))  becomes  a  convex  function  
(Fig. 3). 

Fig.2. Non-convexity of function x → λ max (D(x))

Fig.3. Convexity of function t → λ max (D(et))

Theorem 3  [1]:  The optimal  solution of  the incomplete 
LLSM  problem  (6)  is  unique  if  and  only  if  graph 
corresponding  to  the  incomplete  pairwise  comparison 
matrix is connected.

Sketch of the proof: Necessity follows from the definition 
of the problem. For sufficiency, taking the logarithms of 
the variables, and considering the first-order conditions of 
optimality, a linear system of equations is resulted in. It can 
be shown that the matrix of coefficients is strongly related 
to the Laplace matrix of  the graph corresponding to the 
incomplete pairwise comparison matrix. The claim follows 
from  the  properties  of  the  Laplace  matrix  regarding 
eigenvalues and rank. 
The proof is constructive, one may directly apply it for a 
numerical example in order to compute the LLSM  weights 
from an incomplete pairwise comparison matrix.

Remark:  In the case of a complete pairwise comparison 
matrix,  the  solution  of  (6)  results  in  the  well-known 
geometrical mean. 



An  algorithm  is  proposed  for  solving  the  eigenvalue 
minimization problem (5) in the connected case [1]. Using 
the  ideas  of  the  proof  of  Theorem  1,  the  exponential 
parameterization  of  the  variables  is  used,  resulting  in  a 
strictly  convex  optimization  problem.  The  latter  can  be 
solved,  e.g.,  by  the  method  of  cyclic  coordinates  [9]. 
Moreover,  the decision maker gets non-decreasing lower 
bound for the  CR-inconsistency level in each step of the 
process of filling in the pairwise comparison matrix. This, 
especially  in the case of  a  sharp jump,  can be used for 
detecting misprints or false comparisons in real time.

Example. The solution of problem (5) for matrix C in (7), 
i.e.,  the  λ max -optimal  completion of  C,  and  the  corres-
ponding EM weight vector, respectively, are as follows:

1 2 2.24 5.41 8 0.392

1/2 1 3 6 7 0.323

CEM = 1/2.24 1/3 1 4
5.6
7 wEM = 0.177

 1/5.41 1/6 1/4 1 5 0.076

1/8 1/7 1/5.67 1/5 1 0.032

The solution of problem (6) for matrix  C in (7), i.e., the 
LLSM weights are as follows:

0.404

0.318

wLLSM = 0.174

0.072

0.032

Remark:  Unlike the incomplete Eigenvector Method, the 
incomplete  Logarithmic  Least  Squares  Method does not 
use the completion of the matrix in order to compute the 
weights. 

IV.  DISCUSSION

From practical  point  of  view,  some  important  questions 
arise regarding  incomplete pairwise  comparison matrices 
and the application of Eigenvector Method for them. One 
common  point  of  the  questions  is,  e.g.,  how  to  use 
efficiently  the time of  the decision makers  and  keep all 
relevant information of their cardinal preferences.  Another 
one  is  to  provide  a  real-time  feedback  on  the  level  of 
inconsistency, computed on the base of the already typed 
pairwise comparisons.  

1.  How  many  pairwise  comparisons  are  needed in 
order to have an appropriate basis of decision maker’s 
cardinal preferences? It follows from Theorem 1 and 
Theorem  2  that  the  minimal  number  of  necessary 
comparisons is n–1, that equals to the number of edges 
of a spanning tree in a graph of n nodes. Since a graph 
on n nodes has at most n(n–1)/2 edges, this is the case 
of complete matrices. Consequently, the gap between 
the  lower  bound  n and  the  upper  bound  
n(n–1)/2 is  large.  It  is  an  exciting  topic  of  future 
research  including  real  decision  situations  to  give 
better  approximations  for  the  number  of  needed 
comparisons.

2. Which pairs to compare? If the number of needed 
comparisons  is  less  than  n(n–1)/2,  which  objects 
(criteria)  should  be  compared  to  each  other?  There 
exist  a  large  number  of  connected  subgraphs  of  a 
complete graph of n nodes, one should choose of them 
based  on  experimental  results  from  real  decision 
problems again.

3.  When to draw the decision maker’s attention that 
the level of inconsistency sharply increased by the last 
typed  pairwise  comparison?  What  are  the  suitable 
thresholds? What to do if the level of inconsistency is 
too high (which is  again to  be  defined)  after  a  few 
comparisons and additional comparisons will make it 
only worse? 

V.  CONCLUSION

A natural necessary and sufficient condition, namely, the 
connectedness  of  the  associated  graph,  is  given  for  the 
uniqueness  of  the  best  completion  of  an  incomplete 
pairwise  comparison  matrix  regarding  the  Eigenvector 
Method and the Logarithmic Least Squares Method. 

The eigenvalue  optimization problem of the Eigenvector 
Method can be transformed into a convex, and, in the case
of  connected  graph,  into  a  strictly  convex  optimization 
problem,  thus,  weights  can  be  computed  from  partial 
information. The decision maker gets a lower bound for the 
CR-inconsistency  level  in  each  step  when  filling  in  the 
pairwise comparison matrix, that can be used for detecting 
misprints in real time.

In the Logarithmic Least Squares problem for incomplete 
matrices, the geometric means of the rows’ elements play 
important  role in the explicit computation of the optimal 
solution, like in the complete case.
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