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On commutators and exponentiation

o Commutator: [x,y] = x" 1y~ Ixy = (yx)"Ixy xy = yx[x, y]
o [y, x]=[x,y] ™
o If G' < Z(G) then [x<, yy'] =[x, y][x, y'][x', y][x', ¥']
od' y] = x~1xty"Lody = x b Ty L[,y =
X yIX Xyl =[xyl A
o If G' < Z(G) then (xy)t [x, y] tE=1)/2xt y
Let zx = (xy)*(x* ) . Then (xy)! = zxtyt.
(Xy)t+1 = z;x y Xy — tht-‘rlx—lytxy — ZtXt-ﬁ-l[X?y_t]yt-Fl —
z[x,y~ t]X”lyt*l 50 ze11 = zix,y 7]
7 = Ho[Xy_’]—[XH y T = by D] =
[X y] t(t— 1)/2
o If pisodd, G’ < Z¢, and G’ is of exponent p, then
(xy)P = xPy®.
o If pisodd, G' < Z/G), xP = yP =1 then (xy)P = 1.

(Elements of order < p form a subroup.)
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Extraspecial groups

@ p prime, G a finite p-group. G is extraspecial if
o G'=17(G)
o G/G’ elementary abelian (i.e. = Z¢ for some ().
o Z(G) Zp
@ From now on, assume p is odd.
@ Two maps to G':
o [,]: G x G— G’ homomorphism in both coordinates
o P:G— G
o both are well-defined on G/G’
[xz,y] = [x, yl[z,y] = [x,y] because z € G" = Z(G)
(xz)P = xPzP = xP because z € G' = Z(G) = Z,
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Extraspecial groups - symplectic view

e V=G/G =77, consider as vector space over the field Z,.

o G'=Z(G) = Zp. Fix any generator z € Z(G) and identify it
with 1 € Z,

@ [,] gives a non-degenerate skew-symetric bilinear function V.
non-degenerate since Zg = G'.

@ f : x> xP gives a linear function on V.
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Extraspecial groups - basis selection

@ case f = 0:
o choose x; € V and then y; € V sit. [x, 1] =1
o j+ 1-th step:
choose x;11 € V; and then y; 11 € Vi sit. [x, ;1] =1
o where V; = {x1,y1,...,x,vi}*.
@ case f # 0:

o chose y; s.t. f(y;) =1.

o (ker f)* is one dimensional subspace of ker f,
1 & (ker f)t+ = ker f
choose x; € (ker )1 such that [xi,y1] = 1.

o Notice ker f = xi- and proceed as above.

@ consequence: m even.
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Extraspecial groups - presentation

@ p odd, m=2r. Groups H, and E,
@ generators xq, ¥1,...,Xr, ¥r and z.
@ Relations:

o xP=xP=yP=1(i=2..,r)

o yi =1(Hz)oryf =z (Ez)

o [xix] =Dyl =1 [xiyl = 2% (i,j=1,....r)
@ Elements: ' _

Xt -x;"yf .. -y,'fzk

(il,...,ir,jl,...,jr,kEZP)
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Extraspecial groups - central products

@ Subgroups U; = (x;, ;i) Ui = x7y}z". Extraspecial groups of
order p3.
@ Direct product of U;:

; 'r ] 'r k kr

Xt xyAt eyl Zy
(ilv"'airvjlv"'a_jraklv"'akr EZp)

@ Our group: factor of this by the relation z; = ... = z,.
(By the normal subgroup generated by zf122, el zflz,.)

@ This will be useful for determining representations.
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Some properties of p-groups

G finite p-group.
e Z(G) > 1.

sizes of conjugacy classes: powers of p. (Orbits of conjugacy
action). Cannot be there only 1 class of size 1,
@ d1=Gy< G <...<Gp= G such that G; <1 G and
Gi/Gj_1 = Zp. (So G is supersolvable.)
Let z € Z(G) of order p and set G; = (z). Then G; < G.
Proceed in G/G;.
e If K < G then Ng(K) > K. (So every subgroup is
subnormal.)
Z(G)# 1. If K# Z(G) then K < KZ(G) < Ng(H).
If K> Z(G) then induction to K/Z(G) in G/Z(G))
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General HSP reductions in p-groups

e p-cyclic HSP: H=1 or |H| = p.

@ G finite p-group. HSP in G is reducible to p-cyclic HSP in
factors of subgroups of G.

(1) Take achain1= Gy < G1 < ... < Gy with G/G; = Z,. Find
the first i, such that HN G; # 1. Set Hy = HN G;.
(2) Find Ny(Ho) = Ng(Ho) N H with recursion to a HSP in
Ng(Ho)/Ho.
If H > Ho then Ny(Ho) > Ho.
(3) If Ny(Ho) = Ho then H = Hyp. Otherwise repeat (2) with
H(0) < Nr(Ho)
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Subgroups of extraspec groups

o If H not commutative then H > G'.
H contains a power of z, which generate G’.

If the exponent of H is bigger than p then H > G'.
If xP £ 1 the xP generates G’.

Easy to test whether H > G'.

If H> G’', Fourier sampling of G/G’ finds H.

Remain: abelian H of exponent p.

The elements of order p in E, are in the subgroup
K= (x1) X (x2,¥2, .-, X, yr). So H<K.

embed K into H, as a subgroup, extend the hiding function to
H,.
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Subgroups of exponent p extraspecial groups

@ Remains: HSP in H,
@ Cyclic HSP in factors of subgroups of H,. These groups are
either abelian or isomorphic to subgroups of H,.
G=H, NaK <G. If K/Nis not abelian then NN G’ =1
and < NN G =1.
[K, N] < N (since N < K). On the other hand
[K,N] <[G,G], so [K,N] =1, ie, K< Cs(N).
N = (u1) x -+ x {ug)
Take a basis x;, y; of G that extends vy, ..., up:
X1 = Up,...,Xp = Uy.
CG(N) = <X13 sy Xy Y41, - ayr7z>
CG(N)/N ~H_,<H,

@ Remains: cyclic HSP in H,.
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High-dimensional irreps of H;

w= /1, u€Z} px p matrices:

o
o

01 ...
0 0 1.

o
o

o =
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High-dim irreps of H; 2

@ Hj: generators x,y (and z); relations xP = yP = zP =

[X7y] = Z.

o XP =Yl =1, Z, =Xy, Yy = w!I satisfy the relations for
H;.

@ x+— X,, y+— Y, extends to a p-dimensional representations
of H1

o Tr(X!Y1ZK)=0if i # 0 (no diagonal entries).

o Tr(Yizk) = “kzp sw! =0if i =0butj#0.

o Tr(Zk) = puwik

@ xu = Tr(py) character.

(Xu;XLé) = % ZgEG |Xu(g)’2 = % quz) P2 =1
py irred.
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py irred.

for u# u' € 7%, xu(2) = pw' # pw* = xu(2)
so py's are nonequivalent irreps. of dimension p.
Y uezy(dimpu)? = (p— 1)p%.

+p? from the 1-dim reps.

That's all.
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H, is a central product of Hi's: a factor of Hj by (z,-zj_l).

e p%" is irrep of Hj (dim: p"), mapping z,-zfl to /.

e So j, = p%" is a well-defined irrep of Hy with §,(z) = w'l,r.
o for u# u' € Zy Ru(2) = p'w” # p'w” = Ku(2)

@ so p,'s are nonequivalent irreps. of dimension p".

0 Yz (dim pu)? = (p — 1)p?.

o +p? from the 1-dim reps.

e That's all.
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Qutline of the algorithm

@ We have the p-cyclic HSP in G = H,.

e May assume that H # G’
o First determine HG’

With Fourier sampling of G/G’. This requires an action with
stabilizer HG’

@ Then H is a hidden subgroup in the abelian group HG'.
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Tensor product of irreps of H,

® p1 = puy,---s Pk = Pu, high-dim irreps. of H,,
P=p1®- @ pi.

r(k—
o If u=3% u#0then p= pﬁ( ) (direct power).
o p(z) = w"lx = Irred constituents of p are p,,.
o If u=3% u=0then p=pf
where pg = @ of the 1-dim reps.

o If uis a 1-dim rep then u ® p,, = p,,. (Because
(1 ® pu)(z) =w*l.)

e po is a sum of 1-dim reps (Because po(z) = 1.)

e 1t ® po = po, hence the multiplicities are equal.

r(k—2)
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Forcing po

@ po is the representation we like: po(G) = G/G/,
po(H) = po(HG).
Fourier sampling for py would determine HG'.

@ How to enforce pg?

@ Assume we have a module Vy = Vi ® --- ® V, where V;
module for p; = p,,.

@ p(g) is lin. extension of
Vi®-- @V — p1(g)v1 ® -+ ® pr(g)vr-
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o V¢: V1®® VI‘

p(&) (1@ - @ v) = pi(g)n1 @ ® pr(g)vr-

@ If ¢ is an endomorphism of G and p is a representation of G,
then p o ¢ is a representation as well (of thew same
dimension).

@ We can replace each p; with p; o ¢; where ¢; € Aut(G).

e For j € Z;, 3 automorphism ¢; that induces g — g/ on G/G'
(means: ¢;(g)G’ = g/G' and ¢(z) = 2.

e On generators q"s,- : G — G on generators x; — x,ﬂy,- — y{
Z ij. . .

o ¢; extends to an automorphism ¢; of G since x/, y!, z; satisfy
the original relations
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Twist 2

@ Automorphism ¢; that induces v — v/ on G/G' and
¢j(z) = 2.
® puodj=ppy
p(9/(2) = pul@") = (pul(2)Y" = w1 = p,,0.
@ S0 py, 0 Pj ® -+ @ py, © ¢j, = a direct power of p,, where
u= u1jj2 + .o+ uj? (in Zp).
o u=0if u? + ...+ ui =0 (in Zp).
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Twist 2.

1 1

@ Work with right coset states. g <> g~
@ |Hay)...|Hak)

e Weak Fourier Sampling: p1(Ha1) ® ... ® pi(Hak)
o Instead, we apply (a version of) Fourier of G’

. gH — Hg~

1
O [xByb)|z7) ﬁZw“fz|foyfy>|u>
Uu€Zp

> W Xy ey)

u€Zp
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Twist 3.

zte, = w'te,, ®(z') = > wez, lw)|zeu)
Olg) = e, I1)lgen).
|zgey) = |gzey) = w'|geu),

So for u # 0, CGe, is the sum of submodules of CG
isomorphic to V.

And for u =0 CGe, = V.
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Twist 4.

For multiple coset states: |Haz, ..., Hak)

Apply ®¥¥ measure |us, ..., ug):

State w = |aiHey,, . .., axHey, )

If some u; = 0, apply Fourier of G/G’ to |ajHey) and measure
a lin repr. u with HG' C ker p.

Unfortunately, with high prob. no u; = 0.

state w is in a submodule V of CG®¥, which is = a power of
Vi, ® -V, (diagonal action of G).

assume we find j1, ..., jk € Zp, not all j; zero, s.t.
SKk =0
S
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Twist 5.

@ Twisted action
p(g) Vi@ @ vk & ()1 ® -+ ® oy (g) vk
makes V 2 a power of V4 (the module we like).
e What is {p(g)w|g € G}?
o If f ¢ gHG' then fw L gw,
o if j; # 0 already |fHaie;) L |gHaje;) because
supp(|pj, (F)Ha1)) C ¢, (f)Ha1 G" = ¢;,(g)HG ax,

supp(|p; (g)Ha1)) € ¢;,(g)HG a
and ¢j1(f)HG/31 N ¢j1(g)HG/21 = 0.
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Twist 6.

@ Twisted action
p(g) i@ - @ vk 9 (g1 ® - ® ) (8) vk
o If f € gHG', say f = ghz then

oi(F)Haje,, = 5(8)0;(hz")Haje,, = " ;. (g)dj (h)Hare,,
¢;(h) € WG, so ¢;(h) = Wz2Uh) (a(j, h) € Z,)
— wui(£j2+a(ji7h))¢ji(g)Ha’-eui

p(F)w = Wi ilEHadih) (g,
a scalar multiple p(g)w, thanks to that ¢;(H) < G’'H.
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Twist 7.

o If f € gHG', say f = ghz’ then
p(F)w = wXiz wlEHedim) o),
a scalar multiple p(g)w, thanks to that ¢;(H) < G’'H.

o 22U = h=ig;(h).

e Example: If h = xz™ then ¢;(h) = x{z’”f2 = WzmU=)

@ Claim: For every h € G dx = x; € G'h such that for every
JE€Zy, oi(x) = X

Gabor Ivanyos MTA SZTAKI & TU/e Hidden Subgroup Minicourse - Extraspecial groups



Twist 8.

Extraspecial groups
HSP reduction in p-groups
HSP in extraspecial groups HSP in extraspecial groups
Representations of H,
Multiregister for the HSP in extraspecial groups

o Claim: For every h € G 3x = x, € G'h such that for every
J €Ly dj(x) = X

e jo primitive element (generator for) L. J = j§ for every j € Z,

and ¢; = ¢t.

If 05, (x1) = X then &;(xu) = 6} (xn) = xb .

Consider W = G'H = 72, ¢ = ¢j,|w is an automorphism of
W. Additively, ¢ is a lin. transf. of W.

G’ is an eigenspace of ¢: eigenvalue j2. In the basis z, h, the

matrix of ¢:
( jg * )
0 J

The eigenvalues of ¢ are jo # j2, x, will be the appropriate
element of the jo-eigenspace.

Gabor Ivanyos MTA SZTAKI & TU/e Hidden Subgroup Minicourse - Extraspecial groups



Extraspecial groups
HSP reduction in p-groups
HSP in extraspecial groups HSP in extraspecial groups
Representations of H,
Multiregister for the HSP in extraspecial groups

Twist 9.

o Claim: For every h € G dx = x; € G'h such that for every
J €Ly ¢j(x) = X.
e Claim: For every h € H dmy, € Z, such that
aj, h) = ma(j% — J) (For every j € Z3).
o h=h.z™.
o ¢j(h) = Hz™i" = hizm(G ).
o Consequence: if S ; ujj? =0and 3K u;(j? —ji) =0
then the states |gw) are pairwise orthogonal, and the
stabilizer of w is G'H.
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The algorithm 1.

k=3.
Use Fourier of G’3 to obtain the state

w = |Haiey,, Haze o, Hazey,)

where uy, up, u3 € Zp random.

U=l )ve

Set j3 =1, j2 =
uj? + (uth + us)® + us = (uf 4 w1)jf + 2uruzjs + U3 + us in
uy. It can be solved for a constant fraction of cases.

Define the action p(g) on |v1, v2, v3) as
p(&)lvi; v, v3) = [0y, (8)vi, B (8)va, Djs (&) v3)-
As p(g) = p(Z'g) for z* € G', for g = xxyt 2%

p(g)|vi, va, v3) = ‘letxyjlty v, Xj2t><yj2ty V2’Xj3txyj3ty v3).
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The algorithm 2.

o for g = thytyztz
1tx it jatx | Jot 3ty . jat,
p(g)|vi, va, v3) = |yt vy x5y 2ty vy X3 BTy g

defines an action of Z?" = G /G’ on the orthonormal system
{p(g)w|g € G} with stabilizer HG'.

o Fourier sampling in G/G’ =2 7" (for the function g — p(g)w)
gives a random 1-dim rep p of G with HG' C ker .
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Mehtod generalizable to p-groups with G’ < Z(G).
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