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On commutators and exponentiation

Commutator: [x , y ] = x−1y−1xy = (yx)−1xy xy = yx [x , y ]
[y , x ] = [x , y ]−1

If G ′ ≤ Z (G ) then [xx ′, yy ′] = [x , y ][x , y ′][x ′, y ][x ′, y ′]
[xx ′, y ] = x ′−1x−1y−1xx ′y = x ′−1x−1y−1xyx ′[x ′, y ] =
x ′−1[x , y ]x ′[x ′, y ] = [x , y ][y , x ]

If G ′ ≤ Z (G ) then (xy)t = [x , y ]−t(t−1)/2x ty t .
Let zt = (xy)t(x ty t)−1. Then (xy)t = ztx

ty t .
(xy)t+1 = ztx

ty txy = ztx
t+1x−1y txy = ztx

t+1[x , y−t ]y t+1 =
zt [x , y−t ]x t+1y t+1, so zt+1 = zt [x , y−t ]

zt =
∏t−1

i=0 [x , y−i ] = [x ,
∏t−1

i=0 y−i ] = [x , y−t(t−1)/2] =
[x , y ]−t(t−1)/2.

If p is odd, G ′ ≤ ZG , and G ′ is of exponent p, then
(xy)p = xpyp.
If p is odd, G ′ ≤ Z(G ), xp = yp = 1 then (xy)p = 1.
(Elements of order ≤ p form a subroup.)
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Extraspecial groups

p prime, G a finite p-group. G is extraspecial if

G ′ = Z(G )
G/G ′ elementary abelian (i.e. ∼= Z`

p for some `).
Z (G ) ∼= Zp

From now on, assume p is odd.

Two maps to G ′:

[, ] : G × G → G ′ homomorphism in both coordinates
ˆp : G → G ′

both are well-defined on G/G ′

[xz , y ] = [x , y ][z , y ] = [x , y ] because z ∈ G ′ = Z (G )
(xz)p = xpzp = xp because z ∈ G ′ = Z (G ) ∼= Zp
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Extraspecial groups - symplectic view

V = G/G ′ ∼= Zm
p , consider as vector space over the field Zp.

G ′ = Z (G ) ∼= Zp. Fix any generator z ∈ Z (G ) and identify it
with 1 ∈ Z∗

p.

[, ] gives a non-degenerate skew-symetric bilinear function V .

non-degenerate since ZG = G ′.

f : x 7→ xp gives a linear function on V .
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Extraspecial groups - basis selection

case f = 0:

choose x1 ∈ V and then y1 ∈ V s.t. [x1, y1] = 1
i + 1-th step:
choose xi+1 ∈ Vi and then yi+1 ∈ Vi s.t. [x1, y1] = 1
where Vi = {x1, y1, . . . , xi , yi}⊥.

case f 6= 0:

chose y1 s.t. f (y1) = 1.
(ker f )⊥ is one dimensional subspace of ker f ,
y1 6∈ (ker f )⊥⊥ = ker f
choose x1 ∈ (ker f )⊥ such that [x1, y1] = 1.
Notice ker f = x⊥1 and proceed as above.

consequence: m even.
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Extraspecial groups - presentation

p odd, m = 2r . Groups Hr and Er

generators x1, y1, . . . , xr , yr and z .

Relations:

xp
1 = xp

i = yp
i = 1 (i = 2, . . . , r)

yp
1 = 1 (H2r ) or yp

1 = z (E2r )
[xi , xj ] = [yi , yj ] = 1, [xi , yj ] = zδij (i , j = 1, . . . , r)

Elements:
x i1
1 · · · x

ir
r y j1

1 · · · y
jr
r zk

(i1, . . . , ir , j1, . . . , jr , k ∈ Zp)
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Extraspecial groups - central products

Subgroups Ui = 〈xi , yi 〉 Ui = x s
i y t

i zu. Extraspecial groups of
order p3.

Direct product of Ui :

x i1
1 · · · x

ir
r y j1

1 · · · y
jr
r zk1

1 . . . , zkr
r

(i1, . . . , ir , j1, . . . , jr , k1, . . . , kr ∈ Zp)

Our group: factor of this by the relation z1 = . . . = zr .

(By the normal subgroup generated by z−1
1 z2, . . . , z

−1
1 zr .)

This will be useful for determining representations.
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Some properties of p-groups

G finite p-group.

Z(G ) > 1.

sizes of conjugacy classes: powers of p. (Orbits of conjugacy
action). Cannot be there only 1 class of size 1,

∃ 1 = G0 < G1 < . . . < Gm = G such that Gi C G and
Gi/Gi−1

∼= Zp. (So G is supersolvable.)

Let z ∈ Z (G ) of order p and set G1 = 〈z〉. Then G1 C G .
Proceed in G/G1.

If K < G then NG (K ) > K . (So every subgroup is
subnormal.)

Z (G ) 6= 1. If K 6≥ Z (G ) then K < KZ (G ) ≤ NG (H).
If K ≥ Z (G ) then induction to K/Z (G ) in G/Z (G ))
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General HSP reductions in p-groups

p-cyclic HSP: H = 1 or |H| = p.

G finite p-group. HSP in G is reducible to p-cyclic HSP in
factors of subgroups of G .

(1) Take a chain 1 = G0 < G1 < . . . < Gm with G/Gi
∼= Zp. Find

the first i , such that H ∩ Gi 6= 1. Set H0 = H ∩ Gi .

(2) Find NH(H0) = NG (H0) ∩ H with recursion to a HSP in
NG (H0)/H0.

If H > H0 then NH(H0) > H0.

(3) If NH(H0) = H0 then H = H0. Otherwise repeat (2) with
H(0)← NH(H0)
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Subgroups of extraspec groups

If H not commutative then H ≥ G ′.

H contains a power of z , which generate G ′.

If the exponent of H is bigger than p then H ≥ G ′.

If xp 6= 1 the xp generates G ′.

Easy to test whether H ≥ G ′.

If H ≥ G ′, Fourier sampling of G/G ′ finds H.

Remain: abelian H of exponent p.

The elements of order p in Er are in the subgroup
K = 〈x1〉 × 〈x2, y2, . . . , xr , yr 〉. So H ≤ K .

embed K into Hr as a subgroup, extend the hiding function to
Hr .
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Subgroups of exponent p extraspecial groups

Remains: HSP in Hr

Cyclic HSP in factors of subgroups of Hr . These groups are
either abelian or isomorphic to subgroups of Hr .

G = Hr , N C K ≤ G . If K/N is not abelian then N ∩ G ′ = 1
and N ′ ≤ N ∩ G ′ = 1.
[K ,N] ≤ N (since N C K ). On the other hand
[K ,N] ≤ [G ,G ], so [K ,N] = 1, i.e., K ≤ CG (N).
N = 〈u1〉 × · · · × 〈u`〉
Take a basis xi , yi of G that extends u1, . . . , u`:
x1 = u1, . . . , x` = u`.
CG (N) = 〈x1, . . . , xr , y`+1, . . . , yr , z〉
CG (N)/N ∼= Hr−` ≤ Hr

Remains: cyclic HSP in Hr .
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High-dimensional irreps of H1

.
ω = p

√
1, u ∈ Z∗

p, p × p matrices:

Xu =


0 1 . . . 0 0
0 0 1.. 0 0
...

...
. . .

...
...

0 0 . . . 0 1
1 0 . . . 0 0



Yu =


ω0u 0 . . . 0 0
0 ω1u . . . 0 0
...

...
. . .

...
...

0 0 . . . ω(p−2)u 0

0 0 . . . 0 ω(p−1)u


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High-dim irreps of H1 2.

.

H1: generators x , y (and z); relations xp = yp = zp = 1,
[x , y ] = z .

X p
u = Y p

u = 1, Zu = [Xu,Yu] = ωuI satisfy the relations for
H1.

x 7→ Xu, y 7→ Yu extends to a p-dimensional representations
of H1.

Tr(X i
uY

j
uZ k

u ) = 0 if i 6= 0 (no diagonal entries).

Tr(Y j
uZ k

u ) = ωuk
∑p−1

`=0 ωjl = 0 if i = 0 but j 6= 0.

Tr(Z k
u ) = pωuk

χu = Tr(ρu) character.

(χu, χu) = 1
p3

∑
g∈G |χu(g)|2 = 1

p3

∑
g∈〈z〉 p

2 = 1

ρu irred.
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Irreps of H1

.

ρu irred.

for u 6= u′ ∈ Z∗
p, χu(z) = pωu 6= pωu′ = χu′(z)

so ρu’s are nonequivalent irreps. of dimension p.∑
u∈Z∗p (dim ρu)

2 = (p − 1)p2.

+p2 from the 1-dim reps.

That’s all.
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Irreps of Hr

.

Hr is a central product of H1’s: a factor of H r
1 by 〈ziz

−1
j 〉.

ρ⊗r
u is irrep of H r

1 (dim: pr ), mapping ziz
−1
j to I .

So ρ̃u = ρ⊗r
u is a well-defined irrep of H1 with ρ̃u(z) = ωuIpr .

for u 6= u′ ∈ Z∗
p χ̃u(z) = prωu 6= prωu′ = χ̃u′(z)

so ρ̃u’s are nonequivalent irreps. of dimension pr .∑
u∈Z∗p (dim ρu)

2 = (p − 1)p2r .

+p2r from the 1-dim reps.

That’s all.
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Outline of the algorithm

We have the p-cyclic HSP in G = Hr .

May assume that H 6= G ′

First determine HG ′

With Fourier sampling of G/G ′. This requires an action with
stabilizer HG ′

Then H is a hidden subgroup in the abelian group HG ′.
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Tensor product of irreps of Hr

ρ1 = ρu1 , . . . , ρk = ρuk
high-dim irreps. of Hr ,

ρ = ρ1 ⊗ · · · ⊗ ρk .

If u =
∑k

i=1 ui 6= 0 then ρ = ρpr(k−1)

u (direct power).

ρ(z) = ωuIprk ⇒ Irred constituents of ρ are ρu.

If u =
∑k

i=1 ui = 0 then ρ = ρpr(k−2)

0 ,
where ρ0 =

⊕
of the 1-dim reps.

If µ is a 1-dim rep then µ⊗ ρu1
∼= ρu1 . (Because

(µ⊗ ρu1)(z) = ωu1 I .)
ρ0 is a sum of 1-dim reps (Because ρ0(z) = I .)
µ⊗ ρ0

∼= ρ0, hence the multiplicities are equal.
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Forcing ρ0

ρ0 is the representation we like: ρ0(G ) ∼= G/G ′,
ρ0(H) = ρ0(HG ′).
Fourier sampling for ρ0 would determine HG ′.

How to enforce ρ0?

Assume we have a module Vφ = V1 ⊗ · · · ⊗ Vr where Vi

module for ρi = ρui .

ρ(g) is lin. extension of
v1 ⊗ · · · ⊗ vr 7→ ρ1(g)v1 ⊗ · · · ⊗ ρr (g)vr .
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Twist

Vφ = V1 ⊗ · · · ⊗ Vr

ρ(g)(v1 ⊗ · · · ⊗ vr ) = ρ1(g)v1 ⊗ · · · ⊗ ρr (g)vr .

If φ is an endomorphism of G and µ is a representation of G ,
then µ ◦ φ is a representation as well (of thew same
dimension).

We can replace each ρi with ρi ◦ φi where φi ∈ Aut(G ).

For j ∈ Z∗
p ∃ automorphism φj that induces g 7→ g j on G/G ′

(means: φj(g)G ′ = g jG ′ and φj(z) = z j2 .

On generators φ̃j : G → G on generators xi 7→ x j
i , yi 7→ y j

i ,

z 7→ z j2 .
φ̃j extends to an automorphism φj of G since x j

i , y
j
i , z2j satisfy

the original relations
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Twist 2

Automorphism φj that induces v 7→ v j on G/G ′ and

φj(z) = z j2 .

ρu ◦ φj = ρj2u

ρ(φj(z)) = ρu(z
j2) = (ρu(z))j

2

= ωuj2 I = ρuj2 .

So ρu1 ◦ φj1 ⊗ · · · ⊗ ρu1 ◦ φjk
∼= a direct power of ρu, where

u = u1j
2
j + . . . + uk j2k (in Zp).

u = 0 if u1j
2
j + . . . + uk j2k = 0 (in Zp).
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Twist 2.

Work with right coset states. g ↔ g−1 : gH ↔ Hg−1

|Ha1〉 . . . |Hak〉
Weak Fourier Sampling: ρ1(Ha1)⊗ . . .⊗ ρk(Hak)

Instead, we apply (a version of) Fourier of G ′:

Φ : |x tx y ty 〉|z tz 〉 7→ 1
√

p

∑
u∈Zp

ωutz |x tx y ty 〉|u〉

7→
∑
u∈Zp

ωutz |u〉|x tx y ty 〉|eu〉

where |eu〉 = 1
p

∑
j∈Zp

ω−ju|z j〉.
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Twist 3.

z teu = ωuteu, Φ(z t) =
∑

ω∈Zp
|ω〉|zeu〉

Φ|g〉 =
∑

u∈Zp
|u〉|geu〉.

|zgeu〉 = |gzeu〉 = ωu|geu〉,
So for u 6= 0, CGeu is the sum of submodules of CG
isomorphic to Vu.

And for u = 0 CGeu
∼= V0.
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Twist 4.

For multiple coset states: |Ha1, . . . ,Hak〉
Apply Φ⊗k , measure |u1, . . . , uk〉:
State w = |a1Heu1 , . . . , akHeuk

〉
If some ui = 0, apply Fourier of G/G ′ to |aiHe0〉 and measure
a lin repr. µ with HG ′ ⊆ ker µ.

Unfortunately, with high prob. no ui = 0.

state w is in a submodule V of CG⊗k , which is ∼= a power of
Vu1 ⊗ · · ·Vuk

(diagonal action of G ).

assume we find j1, . . . , jk ∈ Zp, not all ji zero, s.t.∑k
i=1 u2

ji
= 0.
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Twist 5.

Twisted action
ρ(g) : v1 ⊗ · · · ⊗ vk 7→ φj1(g)v1 ⊗ · · · ⊗ φjk (g)vk

makes V ∼= a power of V0 (the module we like).

What is {ρ(g)w |g ∈ G}?
If f 6∈ gHG ′ then fw ⊥ gw ,

if j1 6= 0 already |fHa1e1〉 ⊥ |gHa1e1〉 because
supp(|φj1(f )Ha1〉) ⊆ φj1(f )Ha1G

′ = φj1(g)HG ′a1,
supp(|φj1(g)Ha1〉) ⊆ φj1(g)HG ′a1

and φj1(f )HG ′a1 ∩ φj1(g)HG ′a1 = ∅.
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Twist 6.

Twisted action
ρ(g) : v1 ⊗ · · · ⊗ vk 7→ φj1(g)v1 ⊗ · · · ⊗ φjk (g)vk

If f ∈ gHG ′, say f = ghz` then

φji (f )Haieui = φji (g)φji (hz`)Haieui = ωui `j
2
φji (g)φji (h)Haieui

φj(h) ∈ hjG ′, so φj(h) = hjzα(j ,h) (α(j , h) ∈ Zp)

= ωui (`j
2+α(ji ,h))φji (g)Haieui

ρ(f )w = ω
Pr

i=1 ui (`
2+α(ji ,h))ρ(g)w ,.

a scalar multiple ρ(g)w , thanks to that φj(H) ≤ G ′H.
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Twist 7.

If f ∈ gHG ′, say f = ghz` then

ρ(f )w = ω
Pr

i=1 ui (`
2+α(ji ,h))ρ(g)w ,.

a scalar multiple ρ(g)w , thanks to that φj(H) ≤ G ′H.

zα(j ,h) = h−jφj(h).

Example: If h = x1z
m then φj(h) = x j

1z
mj2 = hjzm(j2−j)

Claim: For every h ∈ G ∃x = xh ∈ G ′h such that for every
j ∈ Z∗

p φj(x) = x j .
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Twist 8.

.

Claim: For every h ∈ G ∃x = xh ∈ G ′h such that for every
j ∈ Z∗

p φj(x) = x j .

j0 primitive element (generator for) Z∗
p. j = j t0 for every j ∈ Zp

and φj = φt
j .

If φj0(xh) = x j0
h then φj(xh) = φt

j (xh) = x
j t0
h .

Consider W = G ′H ∼= Z2
p, φ = φj0 |W is an automorphism of

W . Additively, φ is a lin. transf. of W .
G ′ is an eigenspace of φ: eigenvalue j2. In the basis z , h, the
matrix of φ: (

j20 ∗
0 j0

)
The eigenvalues of φ are j0 6= j20 , xh will be the appropriate
element of the j0-eigenspace.
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Twist 9.

Claim: For every h ∈ G ∃x = xh ∈ G ′h such that for every
j ∈ Z∗

p φj(x) = x j .

Claim: For every h ∈ H ∃mh ∈ Zp such that
α(j , h) = mh(j

2 − j) (for every j ∈ Z∗
p).

h = hxz
mh .

φj(h) = hj
xz

mhj
2

= hjzmh(j
2−j).

Consequence: if
∑k

i=1 ui j
2
i = 0 and

∑k
i=1 ui (j

2
i − ji ) = 0

then the states |gw〉 are pairwise orthogonal, and the
stabilizer of w is G ′H.
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The algorithm 1.

k = 3.

Use Fourier of G ′3 to obtain the state

w = |Ha1eu1 ,Ha2eu2,Ha3eu3〉

where u1, u2, u3 ∈ Zp random.

Set j3 = 1, j2 = −u1j1−u3
u2

, solve

u1j
2
1 + (u1j1 + u3)

2 + u3 = (u2
1 + u1)j

2
1 + 2u1u3j1 + u2

3 + u3 in
u1. It can be solved for a constant fraction of cases.

Define the action ρ(g) on |v1, v2, v3〉 as
ρ(g)|v1, v2, v3〉 = |φj1(g)v1, φj2(g)v2, φj3(g)v3〉.
As ρ(g) = ρ(z`g) for z` ∈ G ′, for g = x tx y ty z tz

ρ(g)|v1, v2, v3〉 = |x j1tx y j1ty v1, x
j2tx y j2ty v2, x

j3tx y j3ty v3〉.
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The algorithm 2.

for g = x tx y ty z tz

ρ(g)|v1, v2, v3〉 = |x j1tx y j1ty v1, x
j2tx y j2ty v2, x

j3tx y j3ty v3〉.

defines an action of Z2r = G/G ′ on the orthonormal system
{ρ(g)w |g ∈ G} with stabilizer HG ′.

Fourier sampling in G/G ′ ∼= Z2r (for the function g 7→ ρ(g)w)
gives a random 1-dim rep µ of G with HG ′ ⊆ ker µ.
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Mehtod generalizable to p-groups with G ′ ≤ Z (G ).
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