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Query complexity of the HSP

Projection to coset states

K,H < G, T left transversal of K, u € G. Then

]Kﬂ H [ =1 ifK<H
Z| tK|UH |K| <1 otherwise.
teT 2

KNuH[?
Seer {KIH)? = rerennumizo St = -
Claim: tK NuH # 0 for |H : KN H| elements t € T and in that

case |(tK NuH)| = |K N H|. From claim:
_ |K:KNH|[KOH2 _ |KNH|

= O
|KIH| K]
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Query complexity of the HSP

Proof of claim

o If tK NuH # () choose z; € tK NuH. Then
z7t e Kt~ N Hu™! and hence
|(tK NuH)| = |z 1(tK N uH)| = |K N H].

oy = zt_lu € HN Kt~ 1u, whence for different t and t’ the
elements y; and yy are in different right cosets of K and in
different cosets of K N H. Thus tK N uH # () for at most
|K: KNH|t's.

e Equality:
|H| = |uH| =), |[tK NuH| < |K: KN H|[KNH| = |H|.
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Query complexity of the HSP

Test for K < H

o Let Px =) ,.7|tK)(tK]|, the subgroup state of K,
considered as a linear transformation of CG.

° <tK\|g>:{ i e etk (&K =gK)

0 otherwise
° 'DK’g> = ZtET ‘tK)(tKHg) = ﬁ‘g}ﬂ = ﬁerKgX-

° P,2< = Pk so Pk is a projection.

(I =Pk Pk . . .
o Uk = < Py I — Py > is a unitary operation on

CG ® C2.
o Ukly)|0) = (I — Pk)ly)|0) + Pkly)|1).

Gabor Ivanyos MTA SZTAKI & TU/e Hidden Subgroup Minicourse - Noncommutative Fourier



Query complexity of the HSP

Test for K < H 2.

® Py =3 e [tK)(tK|.
° Ukly)|0) = (I = Pk)ly)[0) + Pxly)[1).
o PrluH) =2 e ((tK||uH))[tK),
o {|tK)|t € T} is orthonormal
=1 fK<H
2 _ 2 =
o IPKIUH)P? = Seer Kek )P { 21 Dt

o After application of Uk to |uH), we always measure 1 in the
ancialla if K < H

@ Otherwise measure 1 with prob. <

N =
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Query complexity of the HSP

The HSP algorithm.

e Starting state: |u1H)|0)|u2H)|0) ... |ugH)|0)

o List the cyclic subgoups of G. Unmark all. K = first in the
list.

(*) Apply UZ*
o If we see |*)|1)...|*)|1) then mark K.
o reverse UK
e take next K, go to (*).
@ For constant error probability, £ = O(log|G]|)
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling
Weak Fourier sampling and normal core

Noncommutative Fourier sampling
Strong Fourier sampling
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Noncommutative Fourier sampling Weak Fourier sampling and normal core
Strong Fourier sampling

Recall: Inverse Fourier Transform

@ Inverse Fourier transform linear extension of

Ef ;
W Z p(8)ig

geG

@ Properties:
o Unitary bijective linear map between

CG and R = EB Mg, (C
pGC

o (with "natural” scalar products.)
@ Fourier transform: linear extension of

p(8)iEf
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling
Weak Fourier sampling and normal core

Noncommutative Fourier sampling
Strong Fourier sampling

Noncommutative Fourier transform

d
Linear extension of |x) — Z ﬁ Z p(x)ijlpsisJ)-

pe i<d,
D a)x) = >0 > alp, i)l i),
xeG peG:,Jgdp

d(p7lv.l) = Z X)p X)U

XEG

a(p) = Z (d, x d, matrix).
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Noncommutative Fourier sampling Weak Fourier sampling and normal core
Strong Fourier sampling

Noncommutative Fourier transform of coset states

xeH

dp
yH) = \/W > ) pezi eyl
where

lo(yH) = Y plyH)jle, i) = FZ > p)ilpsisd)-

ij<dp xeH i j<d,
Prob(p) = —2|p(yH)|?,

where [p(yH)| is the Frobenius norm of p(yH): />, : [p(yH);|*.
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling
Noncommutative Fourier sampling Weak Fourier sampling and normal core
Strong Fourier sampling

Properties of p(yH)

o p(yH) = p(y) - p(H)
o |p(yH)]> = [p(H)]?
p(y) unitary etc.....
o p(H) is y/|H]| times an orthogonal projection
TH = \/ﬁ\H) = ﬁ > hen |h) is an "orthogonal projection”
in CG: 7T2H = 7TL = 1y, and p is a -preserving

homomorphism from CG into My,(C). (On CG, { is the
extension of g +— g71.)

o [p(H)[? = [H|rkp(H) = X pep Tr(p(h)).

|p(H)|? = |H|rkp(H) = [H|Tr(|H| " p(H)) =
> hen Tr(p(h))
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Weak Fourier sampling and normal core

Strong Fourier sampling

Noncommutative Fourier sampling

Weak Fourier sampling on coset states

probability of p

Prob(p|yH) = ’G| 2 " Xo(h)
heH

|H|d if H < ker(p)
otherwise

> xolh)

heH

@ Proof. piH=01D - Doy, 0 irred.
e ﬁ EheH Xp(h) = 2;21 ZheH Xoi(h) = |H| Z;:I(XU," 1h)
= [{iloj = 14}| (Orthogonality of o; and 14.)
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Noncommutative Fourier sampling Weak Fourier sampling and normal core
Strong Fourier sampling

Proof (cont.)

o b S o) = [{ilo = L}
o |[{iloi =1} =dimU
where U = fixed points of H in M,.
e HaG=GU=U
(uc U,ge G, he H, hgu=ggthgu=g(h€ Du) = gu.)
@ pirred — either U=0o0r U= M,.
o [{iloj=1n}| =0or d,.
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Noncommutative Fourier transform and cosets states

Weak Fourier sampling
Weak Fourier sampling and normal core

Noncommutative Fourier sampling
Strong Fourier sampling

Weak Fourier sampling for normal hidden subgroups 1

d? .
Bl 4 e WS e
0 otherwise

H <1 G, Conclusion 1.
@ Only representations which are trivial on H are sampled.

@ These are representations of G/H.
e Probabilities proportional to the dim?.
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Noncommutative Fourier sampling Weak Fourier sampling and normal core
Strong Fourier sampling

Weak Fourier sampling for normal hidden subgroups 2

e Ha G, H< N«G,

1 1
N<ker p pEG//W
_l6/N|
IG/HI 2

o If N =3_{ ker(p;) > H then
N N ker ps < N with prob. at least %

H <1 G, Conclusion

When sample size s = O(log |G]):
Ni_; ker(pi) = H with high prob.
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Weak Fourier sampling and normal core

Strong Fourier sampling

Noncommutative Fourier sampling

More generally

probability of p

heH

For general H
(1) f N<H, NG N £ ker(p) then >, 4 xp(h) =0

@ Proof. pjy=01® - Doy, o; irred.
® 5 Lhen Xo(h) = [{iloi = 1p}| as above.
o [{iloi=1nx} =dimU <dimV < d,
where U = fixed points of H in M,.
and V' = fixed points of N'in M,, U < V.
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Noncommutative Fourier sampling Weak Fourier sampling and normal core
Strong Fourier sampling

Proof (cont.)

o [{iloj =1n}| =dimU <dimV < d,
where U = fixed points of H in M,.
and V = fixed points of N in M,, U < V.
o NiG=GV =V
(ue V,g € G,xeN, xgu=gg xgu= g(x8u) = gu.)
@ pirred — either V=0or V=M,
o either |{ilo; = 1n}| =0 or N trivial on M,,.
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Noncommutative Fourier sampling

Noncommutative Fourier transform and cosets states

Weak Fourier sampling
Weak Fourier sampling and normal core
Strong Fourier sampling

Weak Fourier sampling and the normal core

H<G N<G NLH

Prob(N < ker(p))
N<ker(p)

ds
2 fe]

peEG/N
Hi
[HN|

JH
[HN]

Z Prob(p) =

dp
> @\p(H)F

N<ker(p)
o ,
|p HN/N
[rn PN
d
HN/N)|?
2 jo/mlPtAN/N)
G/
H 1
Z Prob(p|HN/N) = |‘,\’”<2

pEG/N
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Noncommutative Fourier sampling Weak Fourier sampling and normal core
Strong Fourier sampling

Weak Fourier sampling and the normal core 2

e Ha G, NaG, N £ H then
Prob(N < ker(p)) < %
o If N =3_{ ker(p;) £ H then
N N ker ps < N with prob. at least %

Normal core

@ Ncore(H) = largest normal subgroup of H.
When sample size s = O(log |G|):
Ni_; ker(pi) = Ncore(H) with high prob.
Exercise: Ncore(H) = (,cc H*
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Noncommutative Fourier sampling Weak Fourier sampling and normal core
Strong Fourier sampling

The hidden subgroup state density matrix My

o My = ﬁ >_gcc |lgH)(gH| as a lin.trans of CG?
@ Map Py : CG — CG (right averaging over H) defined as
Puly) = i Znen yh) = 7 lvH).
@ Py orthogonal projection
P2 = Py,
self-adjoint: (x|Pyly) = ﬁ Y hen Xllyh) =
it wen X |ly) = {y|Prlx).

(] MH = IgIPH

EHXIMuly) = b Sgec (xllgH) (gHlly) =
> gcc (X|Pulg)(glPuly) = (x|P3ly) = (x|Puly).
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Noncommutative Fourier sampling Weak Fourier sampling and normal core
Strong Fourier sampling

Fourier transform of My

O(Mpy) = {61 6(Pr)-
o Fourier transform: ~ CG = @, Mat,,(C) (componentwise
scaling.)

The rows of Maty, are invariant under (M)

VIH

On each such row, ¢(Mp) acts as multiplication by T'p(H)
from the right.

@ the Fourier transform of My:

‘G| @@Ip, (p, il @ p(H)

peG i=1

p contragradient representation: transpose of the inverse.
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Noncommutative Fourier sampling Weak Fourier sampling and normal core
Strong Fourier sampling

Fourier transform of My -conclusion

the Fourier transform of My:

\/m@@lp, )py il ® p(H)

6l =

block diagonal structure according to p and i.

Measuring |p) and |i) (information theoretically) does not
hurt ~ working blockwise.

For every p, the sate @721 lp, 1){p, i| ® p(H) is completely
mixed in |/).

No information in |i), we can drop it (but not p!).
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Noncommutative Fourier sampling Weak Fourier sampling and normal core
Strong Fourier sampling

More conclusion

More generally
@ Decompose CG into € of irreducible left submodules
(minimal left ideals).
@ Project the state onto these submods
@ Measuring the submod index does not hurt.

@ Information only in the isomorphism class of the i and the
projected image, not in which of the isomorphic instances of
isomorphic modules.

@ Generalizable to " partial” decompositions
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Noncommutative Fourier sampling Weak Fourier sampling and normal core
Strong Fourier sampling

The affine group Ai(p)

A1(p) = {affine linear function M, p, : x — ax + b on Z,},
May b, © May, b, = Mayay b1+,

. . X
In matrix form ~ action on vectors < 1 >Z

A1(p) = {Mspla € Z3 b € Z,}, where M, p, = < g ’1’ )

A1(p) = Zp x Zp-1, where Z, 1 = Z7 acts on the additive group
Zp by multiplication. (The automorphism group of the additive
group Zp is this Zp_1.)

Gabor Ivanyos MTA SZTAKI & TU/e Hidden Subgroup Minicourse - Noncommutative Fourier



Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Noncommutative Fourier sampling Weak Fourier sampling and normal core
Strong Fourier sampling

of the affine group A;(p)

o p—1 1-dim reps of Ai(p): Irreps of A1(p)/Zp = Zp—1
@ Rep given on the two subgroups as:

My p +— diag(w®, ... ,wP~1)b)

M,0 — perm. matrix of multiplication by a on Zj,.

Wb i j=ai .
p(Ma’b)'j_{O otherwise (ij=1¢€2Zy)
SPlb ifa=1
® Xp(Map) = { if a1
p—1 ifa=1 b=0
o={ —1 ifa=1b#0
0 ifa;«él
1 1
° (XmXp) p p(p—1) Z(ab ‘X(a b)| %—11 SO p

irred.
o (p—1)+d7 =(p—1)+(p—1)? so there are no more irreps.
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling
Weak Fourier sampling and normal core

Noncommutative Fourier sampling
Strong Fourier sampling

Non-normal subgroups of the affine group A;(p)

o (M,p) acZ,\{0,1},5 € Zp.

o M(1,b) "My 1My p = M, (5_1)p for b € Zp,

@ so the non-normal subgroups are:
Hap = My s (Mao) My = {Mye st 1y | € € Zp1},
where a € Z;\ {1}, b € Z)
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Noncommutative Fourier sampling Weak Fourier sampling and normal core
Strong Fourier sampling

Subgroup states

WP j—ai .
© P(Map)ij = { 0  otherwise (ihj=1¢€2y)

(
1 (a®=1)bi if i = af f /¢
w if j = a*i for some
o p(Ha,b)ij = \/|Ha,b| J )
0 otherwise
—L__wbU=1) if j = a’i for some ¢
p(Ha,b)IJ = V |Ha,b| )
0 otherwise
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Noncommutative Fourier sampling Weak Fourier sampling and normal core
Strong Fourier sampling

Probability of p

d d,

e Prob(plyH,p) = ﬁ|ﬂ(yHa,b)|2 = ﬁ|P(Ha7b)|2
1
V/|Hasl

in each row, there are |H, 5| nonzero entries.
p(Hap)? = (p = D|Hapliy = P — 1.
-1
o Prob(plyHap) = 5fgy - (P—1) =1~

abs. value of an entry of p(H, ) is 0 or
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Noncommutative Fourier sampling Weak Fourier sampling and normal core
Strong Fourier sampling

Row vectors of subgroup states

® g =|H,p| = |Hao| = order of a.
o p(H ).._L wbl=7) ifj:agi for some ¢ € Zq
PRTab)I = g 0 otherwise
@ after "measuring” row index i: state j’.’;ll P(Ha,b)ijU)
1 b(a®—1)i

—W
p(Ha,b)l_j = 0\/|Ha,b|

if j = ai for some ¢ € Z,

otherwise

£ _1)i
o state > ey %pfi)
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Noncommutative Fourier sampling Weak Fourier sampling and normal core
Strong Fourier sampling

Row vectors of nice coset states

If y = My ¢ then p(y) = diag(w®,w?c, ... wP~1e),
50 p(yHab)ij = p(¥)ip(Hap)ij = w p(Ha,p)ij, SO

e from |yH, ;) we obtain state
—b)/ 0 .
|pi(yHa p)) = w(c0)7 5 Leez,w™ 13

Nice coset state yH, ;, obtained by sampling the value of the
hiding function f on the subgroup (Zp, Ha ) = (Zp, Ha,0).

N .
State % ez, W) ~ % > kez, WK 1k)

@ "almost” the Fourier transform of |b).
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Noncommutative Fourier sampling Weak Fourier sampling and normal core
Strong Fourier sampling

Two states

Yo .
o u= % > ez, wb? |3t

V:ﬁZkGZwak’k>
V= g — q - q / /
o u v—q\/ﬁ—\/;,u—\/:v+v,wherev Lv
o d71(u) = %|b> + w', where w' L |b) and & is Fourier of Z,

o Measuring ®~1(u) (in the standard basis) gives |b) with
probability %.
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Noncommutative Fourier transform and cosets states
Weak Fourier sampling

Noncommutative Fourier sampling Weak Fourier sampling and normal core
Strong Fourier sampling

The algorithm

1 Guess H,o: guess g. If g is promised to be

p/poly log(p) then poly log p possibilities.

Get nice state form )H,0,Zp).

Fourier of A1(p), measure irrep. type and row index.
If irrep is not p, go back to 2.

Inverse Fourier of Z, (or Zp—1) (on column index).
Measure and try b: compare f(My ) and f(My).
Return H, j if OK. Retry O(p/q) times, if not.

~N O B W DN
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