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Abstract

Introducing a connection to minihypers, we prove extendability results for partial hemisys-
tems.

1 Definitions

Let PG(n,q) denote tha-dimensional projective space over @, the finite field of ordeq. If

P is a point of PGn, q), thenstar(P) denotes the set of lines of RGq) throughP. Let Q(4,0q)
denote the nonsingular quadric in Rq) and Ws(q) the threedimensional simplectic space
over GHq).

A hemisysten?#{ on Q(4,q) is a set of points on (@,q) such that each line of @,q)
contains exactly{q+ 1)/2 points of #. If H is a hemisystem of (&,q), then|H| = (q+
1)(q? +1)/2. A partial hemisysten¥/ on Q4,q) is a set of points on @,q) such that each
line of Q(4,q) contains at mosiq+ 1) /2 points of#. Thedeficiencyd of a partial hemisystem
H of Q(4,q) is by definition the number of points it lacks to be a hemisystem, whénee
(q+1) (P +1)/2— | #].

Since 4, q) is the point-line dual of W(q), see e.qg. [4§3.2], it makes sense to introduce
the dual notion: gpartial) dual hemisystermt{* on Ws(q) is a set of lines on \3(q) such that
each point of W(q) is incident with (at most{q+1)/2 lines of H*. The deficiencyd of a
partial dual hemisystem equdlg+1)(q? +1)/2 — | H*|.

An {f,m;n,q}-minihyperis a pair(F,w), whereF is a subset of the point set of PGq)
andw is a weight functiorw : PG(n,q) — N : P — w(P), satisfying ()w(P) > 0< P € F, (ii)

S pep W(P) = f, and (iii) min{y pcy W(P) : H is a hyperplang=m.

2 The link with minihypers

Theorem 2.1 SupposeH* is a partial dual hemisystem 8¥3(q). Define a weight function w

as follows:

w:PG(3,q) = N:P— %—\star(P)ﬂ}[*].

If F is the set of points oPG(3,q) with positive weight, theiiF,w) is a {6(q+ 1), 9;3,q}-
minihyper.



Proof The weight of PG3,q) equals
+1 .
WPGE) = Y wP) = (@ +d+a+tl)-|H @+ 1)
PePG(3,0)

= 0(q+1).

A hyperplanertof PG(3,q) intersects W(q) in a pencil of lines, i.e., the set of lines in a plane
that pass through a given point of that plane. d.etenote the number of lines gf* contained
in Tt Clearly,a < (q+1)/2. So,

g+1

W = 3 w(P) = (At (g1~ (9]~

1
_ 6+q(%—a) > &

A theorem of Hamada [2] shows thdt, w) is ad(q+ 1), d; 3,q)-minihyper. In [2] the theorem
is proved for minihypers without weight, but the proofs also hold when weights are alldwed.

A blocking setin PG(2,q) is a set of points in P@,q) that meets every line. It is called
trivial when it contains a line. For information on blocking sets, we refer to [3]. d-ekq
denote the size of the smallest nontrivial blocking sets itiR¢.

Corollary 2.2 If #H* is a partial dual hemisystem &/3(q) with deficiencyd < &g, then #*
can be completed to a dual hemisysteriMafq).

Proof If & < &g, then any{d(q+ 1),d; 3, q}-minihyper(F,w) can be written as a sum of lines,
see [1]. Applying this result to the minihyper from the statement of Theorem 2.1, it follows that
the set”™ can be extended to a hemisystem of(@ by adding the lines that constitute the
sum.

What if one or more of these lines that should be added are already lines of
H*? Is this possible? Or if one or more of the lines that should be added are lineg2OPG
but not W5(q)? O

Corollary 2.3 If # is a partial hemisystem d@(4,q) with deficiencyd < &4, then# can be
completed to a hemisystem@(f4,q).

Proof Remark that the second type of problematic lines in Corollary 2.2, the lines (& B)G
but not of W5(q), do not pose a problem in this setting; they do not correspond to points of
Q(4,q) and hence cannot extend the partial hemisystem. O

Theorem 2.4 Suppose#* is a partial dual hemisystem ¢f(3,¢?). Define a weight function
w as follows:

0 when P¢ H(3,¢?),

. 2 .
w:PG3,q%) — N: PH{ %1—|star(P)ﬂﬂ{*| when Pc H(3,¢?).

If F is the set of points dPG(3,q?) with positive weight, thefF,w) is a {d(q? + 1), 8;3,9%}-
minihyper.



Proof The weight of PG3,q) equals

WPGE.@)= Y wP) = @11 - o+ 1)
PePG(3,0?)
= 8(¢P+1).

A hyperplanert of PG(3,q) intersects K3,g?) either in a Hermitian curve 2,g%) or in
cone over a variety H,q?). In the former caseag contains no lines of I8,g%) and

W =5 wp) = Ty -

= 0.

In the latter casert containsg+ 1 lines of H3,9?) that pass through a common point. loet
denote the number of lines 6 * contained irrt. By definition,a < (q+1)/2. So,

+1 .
Wi = 5 wP) = o@D —a(e + ) - (] )
S
= 6+qz(¥—(}) > 3.
In both casesw(m) is at leas®.
A theorem of Hamada [2] shows th@,w) is a{d(q? + 1), ; 3,7} -minihyper. O

Corollary 2.5 If #(* is a partial dual hemisystem f(3,g?) with deficiencyd < &q, then#{*
can be completed to a dual hemisysterhl (8, ¢°).

Proof See the proof of Corollary 2.2.

PROBLEM | Note that the lines to be added are necessarily lines(8fdd). But what if
one or more of these lines that should be added are already liésdfs this possible? [

Corollary 2.6 If # is a partial hemisystem @ (5, q) with deficiencyd < &g, then# can be
completed to a hemisystem@f (3,q).

Acknowledgement

Part of the research for this paper was done while the first author was visiting SZTAKI, the Com-
puter and Automation Research Institute of the Hungarian Academy of Sciences. He gratefully
acknowledges the hospitality and financial support extended to him.

References

[1] P. Govaerts and L. Storme. On a particular class of minihypers and its applications. |. The
result for generadl. Des. Codes Cryptogr28(1):51-63, 2003.

3



[2] N. Hamada. A characterization of sonmek, d; g|-codes meeting the Griesmer bound using
a minihyper in a finite projective geometripiscrete Math, 116(1-3):229-268, 1993.

[3] J. W. P. Hirschfeld and L. Storme. The packing problem in statistics, coding theory and fi-
nite projective spaces: update 2001Phoceedings of the Fourth Isle of Thorns Conference
(Chelwood Gate, England, July 16-21, 200@)lume 3, pages 201-246, 2001.

[4] S. E. Payne and J. A. ThaBinite generalized quadrangle®itman (Advanced Publishing
Program), Boston, Mass., 1984.

Address of the authors: Ghent University
Department of pure mathematics and computer algebra
Galglaan 2, 9000 Gent, Belgium

Patrick Govaerts : pg@cage.rug.ac.be , http://cage.rug.aqbe/
Leo Storme . Is@cage.rug.ac.be , http://cage.rug.aclbe/



